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Abstract

Copulas are functions that couple marginal distribution in order to generate joint probability distribution functions; in this way, they model
the dependence among random variables. This paper presents a tutorial and an state-of-the-art review that exposes many applications of
copula theory in the field of geotechnical engineering, discussing its advantages, drawbacks, limitations, among other aspects, based on the
existing literature. The results are conclusive about the importance and necessity of adoption of copula theory in the field of geotechnical

engineering.
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1 Introduction

Uncertainty, in geotechnical engineering, is commonly handled,
in an implicit way, by employing factors of safety and partial
factors of safety. However, more advanced methods employ a
probabilistic description of the system that represent all involved
quantities such as shear strength, unit weight or peak ground ac-
celeration, among others, as random variables. Those (marginal)
random variables X; might be grouped into a random vector
X = [Xi1, Xa, ..., Xy] which follows a joint cumulative distri-
bution function (CDF) Fx or, alternatively, a joint probability
distribution function (PDF) fx.

Unfortunately, it is usual that the only probabilistic description
of the set of involved random variables X; is their marginal
PDFs and a correlation matrix; hence, a joint PDF cannot be
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determined uniquely [see, e.g., 1, 2]. This type of representa-
tion leads to assumptions, that are not only weakly supported
but also generate errors in the results, that discourage the ac-
ceptance of probabilistic methods in practice. Some of the most
usual assumptions that are chosen in order to simplify calcula-
tions are: the representation of variables as Gaussian without any
evidence, the supposition that Pearson’s rho coefficient can accu-
rately model the correlation between variables, or the assumption
that variables are independent even if they were obtained from
the same sample and/or the same laboratory test, like in the case
of the shear strength parameters, ¢ and ¢. Attempts to overcome
this disadvantage have been developed, being one of the most
notable the Nataf transformation [3], which will be discussed in
section 3.1.

Instead of using unfounded assumptions, copula theory, intro-
duced by the american mathematician Abe Sklar in 1959 [4],
offers a comprehensive framework on dependence and con-
struction of multivariate probability models and it is currently
consolidated as the dependence theory par excellence. A copula
is a function that joins or couples several marginal CDFs with the
aim of constructing a multivariate CDFs. Thus, a copula models
the dependence information in a joint CDF.

Copula theory has been widely applied in areas like actuary and
finance [see, e.g., 5, 6], hydrology [see, e.g., 7, 8, 9], structural
engineering [see, e.g., 10], and more recently, in geotechnics. For
instance, copulas have been used in geotechnical engineering for
modeling dependence among shear strength parameters, to es-
timate settlement of foundations, or representing different soil
properties.

Nonetheless, although copula theory has been used in different
contexts and problems of geotechnical engineering, these works
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have been rather sparse and independent. Therefore, there is
currently no methodology or framework that guides students, re-
searchers, or practicing engineers in the area of geotechnics on
the application of copulas in their particular problems. Thus, this
article aims to fill this gap, in the state-of-the-art, by introducing
copula theory while highlighting its potential, scope, limitations
and use in geotechnical engineering.

In this paper questions like: do we necessarily have to model
dependence in geotechnics?, which applications of copulas in
geotechnics exist?, do copula models perform better than the
traditionally Nataf transformation?, how do the gaussianity or in-
dependence assumptions perform concerning copulas?, is there
“the most suitable” copula for geotechnical models?, among
others, will be answered.

The plan of this document is the following: section 2 intro-
duces copula theory; section 3 exposes how dependence has been
commonly addressed in geotechnics, and how traditional ap-
proaches to deal with dependence have been applied; section 4
explains the basis for the construction of copulas with an em-
phasis in geotechnical models; in section 5, an state-of-the-art
on the applicability of copula theory in geotechnical engineer-
ing is presented; section 6 deals with the topic of uncertainties in
the copula construction and selection; in section 7, the applica-
bility of copulas in reliability analysis of geotechnical models is
studied and a practical example is presented; the document ends
in section 8 with some conclusions and open questions in the
state-of-the-art.

All data and codes used in this manuscript are publicly available
on GitHub at https://github.com/juanjosesg/geo-copulas.git.

2 Introduction to copula theory

This section introduces copula theory, mainly focused on those
practical concepts that are needed in order to apply copulas
in the context of geotechnical engineering, after Nelsen [11],
Embrechts et al. [12, 13] and McNeil et al. [5].

2.1 Preliminary concepts

This section presents some preliminary concepts that will help us
later, when the copulas are formally defined.

2.1.1 Increasing functions

A function f: R +— R is called increasing if for all x <y the
relationship f(x) < f(y) is satisfied. Sometimes these functions
are also referred as non-decreasing. Furthermore, the function f
is said to be strictly increasing if for all x < y the relationship
F(x) < f(y) holds. Analogously, this function is also referred as
strictly non-decreasing function.

On the other hand, if the increasing (or strictly increasing) func-
tion f is differentiable on its domain, then the function f is also
said to be monotonic.

2.1.2 Quasi-inverses

The concept of guasi-inverse is a generalization of the concept
of the inverse of a function, in which the inverse is defined even

when the function has jumps or discontinuities. Let us consider a
non-decreasing function F : R — R with R C R, and the extended
real line R = [—o0, 0]. Then, a quasi-inverse of F is any function
FD: R — R, such that:

* If € R, then F(~1)(z) is any number x in R such that F (x) =1r.
* If ¢ R, then FV (1) = inf{x € R|F (x) > }.

Note that the concept of quasi-inverse and inverse of a function
coincide when F is a strictly monotonically increasing function;
in this case, the inverse is denoted as F~!.

2.1.3 Vy-volume

Let S; = [a;,b;] with i = 1,2,...,d, be non-empty subsets of R,
and let H be a mapping H : S — R. Furthermore, let B = X?ZIS,-
be a d-dimensional box completely contained on S, thatis, B C S.
The H-volume of B, Vi (B), is defined as the dth-order difference
of H on B, as follows:

Via(B) = ALAG . ALH

where the first order differences of H are defined, fork=1,...,d,
as:

by
AazH:H(tly---7tk—labk7lk+l»---7[d)
—H(t1,. st 1,00, ls 15 - -5 1a)-

This expression can be rewritten more explicitly as:

,]+ +ldH(xlid>-~7xdid)

HMN

m=L

where xj; =a;and xj, = b; forall j=1,...,d [see, e.g., 13].

For instance, in the bidimensional case, d =2 and B = [ay,b;] x
[a2,b7], and hence the H-volume of the rectangle B is the second
order difference of H on B:

VH(B) = H(az,bz) -

H(al,bz)fH(az,b1)+H(a1,b1).

We will say that the d-dimensional function H is d-increasing if
Vi (B) > 0 for all d-boxes whose vertices fall in the domain of H.

Note that when H is a multivariate CDF, the Vg-volume of
a d-dimensional box B is basically, the probability measure
associated to B.

2.1.4 Multivariate cumulative distribution
functions

A d-dimensional (multivariate or joint) cumulative distribution
function is defined as a function H : R — [0, 1] that fulfills the
following properties:

* H is d-increasing.

* H(t)=0ift=[r,...,5
—oo, fork=1,...,d.

® H(oo,...,00)=1

.,t4] € R has any component #;, =
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2.1.5 k-margins

Let us consider the joint cumulative distribution function H : S1 X
Sy X --- x84 — [0, 1]. Then, the function

Hj(x) = H(supS1 Joo,SuUpS;_1,x,supSjiq,.. .,sude)

is a univariate margin of H, or simply a margin of H. Note that
higher dimensional margins (k-margins, k > 2) can be defined by
fixing less positions in the previous equation.

2.2 Copulas

Copulas are functions that couple several CDFs through a depen-
dence structure in order to represent a multivariate CDF. In this
sense, one can characterize and define a marginal CDF for each
random variable, and then model their dependence with copulas.

Mathematically, a copula C is a d-dimensional CDF whose do-
main is [0, 1]? and whose range is [0, 1], that is, C : [0, 1]¢ — [0,1].
In this regard, every marginal of a d-dimensional copula is uni-
form in the interval [0, 1]. Furthermore, any copula function C has
the following properties:

1. Cis grounded, that is, for all u € [0, l]d, then C(u) = 0 if there
exists any u; =0, fori=1,...,d.

2. C has margins, i.e., for all u € [0,1]9, then C(u) = u; if all
elements of u are 1 except u;.

3. C is d-increasing, that is, for all
[at,....ai,...,aq4],[b1,...,bi,....b4] €0, l]d, and taking into
account that a; < b; fori =1,...,d, then V¢ (x¢_, [a;,b;]) > 0.

For instance, if the copula is bidimensional (d = 2) then B =
[a1,b1] X [a2,b2] and hence the condition to be 2-increasing

becomes:

C(az,bz) — C(al ,bz) - C(az,bl) +C(a1 7b]) >0

By virtue of the Lebesgue’s decomposition theorem, every d-
dimensional copula can be decomposed as [see, e.g., 11]:

C(u],...ud) :Ac(ul,".,ud)JrSc(ul,...,ud)

where A¢ represents the absolutely continuous component of the
copula:

uj Uq 8‘1
C(u17 ,Md) /0 /0 8u1,...,3ud

C(u17...,ud)ds] - dsy
and S¢ is its singular component:

Sc(ui,...,uq) = Cluy,...uq) —Ac(uy, ..., uq).

When S = 0 on [0,1]%, then the copula C is said to be absolutely
continuous and its joint PDF, also known as copula density, c

exists and it is defined as:

ad

ug) = mc(ul,...,ud) (€Y

c(uy,...

On the other hand, when A¢ = 0 on [0, l]d, then the copula is said
to be singular and ﬁc(ul,...ud) in equation (1) is equal

to 0 almost everywhere! in [0,1]%, and the copula density does
not exist [see, e.g., 12].

Note that when a copula has both an absolutely continuous com-
ponent and a singular component, then its joint PDF cannot be
easily obtained and it is sometimes undefined.

In this point, it is convenient to make a bold statement of the
misuse of the copula density. Many authors, in geotechnical en-
gineering, happily assume that every copula has a density which,
as shown before, is not always the case. This is done because
those authors avoid employing Stieltjes integrals, probably due to
its unawareness, when in fact the use of these integrals simplifies
the notation and the subsequent demonstrations.

2.3 Sklar’s theorem

Sklar’s theorem states that a continuous multivariate probability
function can be expressed through its one dimensional marginal
distributions and dependence structure. This dependence struc-
ture is, in fact, a copula function.

Let us consider a multivariate distribution function Fy, x, . x,
with marginal distributions F, fori = 1,...,d. Then, the Sklar’s
theorem dictates that there exists a copula C such that:

Fx, Xy....x,(x) = C(Fx, (x1), Fx, (x2), - .., Fx, (xa)) 2)

for all x = [x1,x2,...x4] € R, This copula is unique if all
marginal distributions Fy, are continuous; otherwise, the copula
C is uniquely defined on the Cartesian product of the range of
each marginal distribution, that is range(F}) X range(F,) X - -+ X
range(Fy).

Analogously, by knowing a copula C and a group of one dimen-
sional CDFs Fy,, then the d-dimensional distribution function
Fx, x,....x, can be defined by the equation (2). The proof of
Sklar’s theorem for d = 2 is shown in Sklar [4], while the proof
for d > 2 is stated in Sklar [14].

Note that equation (2) can be rewritten in order to obtain the
inverse relation, which is given, for any u = [u,uz,...,uy] €
[0,1), by

Clu) = FX) XXy

(R V) B V), B ()

where F)Erl) is the quasi-inverse of Fy,, fori=1,2,...,d.

't is said in a probabilistic context that a property holds almost everywhere if it holds for all
elements in a set except a subset whose measure is zero.



Furthermore, if the copula is absolutely continuous, the cop-
ula density exists and the d-dimensional PDF of the random
variables X1,X>,- -+, Xy, can be expressed as:

d
[T &

i=1

where c is given by the equation (1), and fy, are the marginal
density functions.

2.4 The Frechét-Hoeffding bounds and the
independence copula

Based on the previously described properties, it can be demon-
strated that any copula, regardless of its family or even its
particular properties, is bounded by the inequality:

Wa(u) < C(u) < My(u),

the so-called Frechét-Hoeffding bounds; here the lower limit
W, represents countermonotonicity, i.e. perfect negative depen-
dence, and the upper limit M, represents comonotonicity, i.e.
perfect positive dependence.

In a bivariate case, W, and M, are expressed as [see, e.g., 11,
p- 11]:

Wz(uhuz) = max(ul “+uy — 1,0)
Mg(ul,uz) :min(ul,uz)

and in the d-dimensional case they are given by:

Wy(u) = max(uy +up +---+ug —d+1,0)
Md(u) :min(ul,ug,...,ud).

Another structure of dependence worth mentioning is in fact the
one that represents independence. From probability theory, it is
well known that the probability of occurrence of independent
events is equal to the product of the probability of each par-
ticular event. Thus, by extending this concept to copula theory,
independence is represented as:

d
Hd(u) = Hui =Urup---uqg.
i=1

Note that both M, and Il; are copulas for two or higher di-
mensions, and these are known as the comonotonic and the
product/independence copula, respectively. On the other hand,
W, can only be considered a copula in a two-dimensional case,
the so-called countermonotonic copula W, since for higher di-
mensions it does not fulfill the requirements to be a copula
function. Nonetheless, the Fréchet-Hoeffding lower bound still
holds for d > 3, even if the countermonotonic copula W, does not
exist [see 11, p. 47]. Figure 2.4 presents the Fréchet-Hoeffding
bounds in the two-dimensional case, as well as the independence
copula.

2.5 Some copula properties

In this section, some properties of copulas are discussed, in par-
ticular the range of dependence values, radial symmetry and tail
dependence. These copula properties are useful when evaluat-
ing the suitability of a copula for modeling different dependence
structures between random variables.

2.5.1 Range of dependence values

As stated before, any copula is bounded by the Fréchet-
Hoeffding inequality. However, not all copulas have the ability
to approach both limits, but are restricted to a narrower range.
In other words, every copula is capable of modeling a certain
spectrum of dependence within the Fréchet-Hoeffding bounds.

Copula functions with the property of approaching both coun-
termonotonicity and comonotonicity limits are known as com-
prehensive copulas and are especially useful to model random
variables whose dependence may vary between strongly posi-
tive or negative; some examples of comprehensive copulas are
the Gaussian, Student-¢, Plackett or Frank copulas. On the other
hand, some other copulas can only approach one of the two
limits; for instance, Gumbel or Joe copula can approach the
comonotonic copula M;, meanwhile the bivariate Nelsen No.
16 copula can approach the countercomonotonic copula W,. Fi-
nally, some other copulas are not capable approaching any of the
Fréchet-Hoeffding bounds, such as the Ali-Mikhail-Haq copula,
which is restricted to a narrower range of dependence.

It is important to take this property into account when evalu-
ating the suitability of a copula to model certain dependence
structures. For example, if the dependence between random vari-
ables is known to be strongly negative, the Gumbel, Joe, or
Ali-Mikhail-Haq copulas would not be a good choice for mod-
eling this dependence. More details of these characteristics for
certain copulas of interest will be presented in section 4.

2.5.2 Radial symmetry

It is said that a random vector X € R (or its corresponding
distribution) is radially symmetric about a € R¢ if

d e
where = stands for the equality in distribution®.

Analogously, a copula C is said to be radially symmetric if the
random vector U, that follows the distribution C, has the property
[5, chapter 5]:

4

U=1-U.

Examples of radially symmetric copulas are Gaussian and
Student-¢ copulas, while examples of non-radially symmetric
copulas are Gumbel and Clayton copulas.

There are other concepts of symmetry in copula theory, such
as the marginal symmetry or the joint symmetry; however, these

21f the sample space is a subset of the real line IR, then two random variables X and Y are said to
be equal in distribution X 2 ¥ when they have the same CDF, that is P(X < x) = P(Y <x) for all x.



Figure 1 Fréchet-Hoeffding
bounds and independent cop-
ula in two dimensions. (a)
countermonotonic copula W,
(b) independence copula IT, (c)
comonotonic copula M.
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properties are not exposed in this document; readers interested in
these concepts are referred to Nelsen [11].

2.5.3 Tail dependence

Let us consider two random variables, X and Y with marginal
CDFs Fx and Fy respectively, associated through a copula C. The
coefficient of upper tail dependence Ay and the coefficient of
lower tail dependence Ay, are defined as follows [11]:

Ay = qllr{lf P(Fy(y) > q|Fx(x) > q) 4
A= qli%g P(Fy(y) < q|Fx(x) < q). ®)

Conceptually, upper tail dependence coefficient Ay is the con-
ditional probability that ¥ exceeds the quantile ¢ given that X
also exceeds the same quantile ¢, as the quantile approaches
to 1. Analogously, lower tail dependence coefficient Ay is the
conditional probability that Y falls behind the quantile ¢ given
that X also is smaller then the same quantile g, as the quantile
approaches 0.

Assuming that both X and Y are continuous, equations (4) and
(5) can be expressed as [11]:

1-2q+C(q,q)

Ay = lim ©6)
q—1- 1— q

2= lim S99 %)
q—0" g

These equations show that the coefficients of tail dependence
are sole properties of the copula, and not of the marginal distri-
butions. Furthermore, the existence or absence of one of these
coefficients does not imply the existence or absence of the other.
In other words, a copula C may have both upper and lower tail
dependence, only one of those coefficients or none.

It is important to evaluate the dependence structure in the tails of
the distributions since the failure domain is usually located there,
and hence tails have a great impact on the probability of failure
[15].
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For this reason, coefficients of tail dependence are key measures
of dependence in copula theory. Coefficients of tail dependence
aim to quantify the associativity between random variables in the
upper-right or lower-left quadrant of the d-dimensional box; or
in other words, when all random variables take extreme values
simultaneously.

2.6 Empirical copulas

In geotechnical engineering practice, it is common to have a lim-
ited sample available. With that sample one may try to infer the
underlying copula. As the sample size increases the inferred cop-
ula will converge to the true copula. However, instead of inferring
a copula, it is also possible to construct an empirical copula as
follows.

Let us consider a set of N  observations
{(x"l,xé,...xi,): i= 1,...,N} from a d-dimensional random
vector X = (X1,Xa,...,Xy). The pseudo-copula samples can be
defined as follows:

A~

R

KON
where R}; is the rank of the observation x;'c:

. n . .
Ri= Y 1(x <x).

j=1

Hence, the corresponding empirical copula is then defined as
1 N

N

i=1

CN(ul,...,ud): X]I[Uégud] (8)

In this sense, the empirical copula can be understood as the em-
pirical distribution of the rank transformed data. As the sample
size increases, the empirical copula will approach to the true
underlying copula of the multivariate data.



2.7 Vine copulas

Constructing copulas in high dimensions is not a trivial prob-
lem. Although there is a large number of copulas in the literature,
most of them are bivariate or applicable in low-dimensions. In
practice, the group of copulas in high dimensions is rather small
and their properties are limited. There are mainly two drawbacks
when trying to implement copulas in high dimensions:

1. There is no analytical solution for the extension to high-
dimensions of the copula function, or their extension may
become unfeasible.

2. The dependence structure becomes too restrictive and it is not
possible to evaluate different dependence structures between
pairs of variables.

For example, if one wants to build a geotechnical model with
five random variables, there would have few copula options to
choose from and one would have to assign the same dependence
structure to all variables, which may be different from reality.

Fortunately, in recent years this problem has been circumvented
by the so called vine copula theory [16]. In this section, we
briefly introduce it mostly based on Aas et al. [17] and Czado
[18].

Vine copula theory states that it is possible to express a multivari-
ate PDF as a product of pair-copula densities and marginal den-
sities. Vine copula theory employs bivariate copulas as building
blocks for elaborating higher-dimensional distributions, where
the dependence is determined by these bivariate copulas in a
nested set of trees. In this way, vine copulas allows to con-
struct models in high dimensions, in which it is possible to
evaluate different structures of dependence between each pair of
variables.

To clarify these concepts, let us consider a vector of d random
variables X = [Xj,...,Xy] distributed according to the PDF f. It
is possible to decompose f as:

Flxt,xa) = fxa) f(xa—1lxa) f (xa—2|xa—1,%a) - -~
f(xl‘x27"'7xd); (9)

this decomposition is unique up to a relabeling of the variables
[17].

Now, observe that if the copula C is absolutely continuos, and
hence the copula density c exists, equation (3) could be expressed
for a bivariate case as:

flx1,x2) = cr2(Fi(x1), B (x2)) f(x1) f(x2)

and hence the conditional densities as:

fxilx2) = cra(Fi(x1), F2(x2)) f1 (x1)- 10

The copula conditional density of equation (10) can be employed
in equation (9) replacing each conditional term. In this way, a
joint PDF can be decomposed into pair-copulas times conditional

marginal densities. For instance, one possible decomposition for
a three-dimensional PDF would be:

JGxr,x2,x3) = fi(x1) fo1 (xafxr) fapra (x3fx1,x2)

where

foyi (e2lxr) = cra(Fi(x1), F2(x2)) fa(x2)
Fap2 (31, x2) = cpzp (Fip(x1|x2), P (x31x2) ) fp2 (x3]x2)
f32(x3]x2) = c23(Fa(x2), F3(x3)) f3(x3)

and hence:

Flen,x2,x3) = fi(x1) fa(x2) f3(x3)
x cia(Fi1(x1),F2(x2))co3 (Fa(x2), F3(x3))

X c3p (Fip (), Fp(xx)).

Nonetheless, as stated before this decomposition is not unique,
and as the number of variables in the model increases, the num-
ber of possibilities of pair-copula constructions also grows. For
instance, a model of three variables has 6 possibilities of de-
composition, a model of four variables has 24 possibilities of
decomposition, and a model of five variables has 240 possibilities
of decomposition [17].

For the sake of organizing all these options of decomposition,
Bedford and Cooke [19] introduced a graphical tool called the
regular vine. A regular vine is a graphical aid for labeling bidi-
mensional constraints in high-dimensional PDFs. When regular
vines are combined with bivariate copulas, vine copulas are
established.

A regular vine of d variables can be seen as a nested set of con-
nected trees, in which the edges of the tree T} are the nodes of the
tree T4, and the edges of the tree Tj are the nodes of the tree
T;1>, and so on. Furthermore, two edges in the tree T; are joined
in the tree T;, if and only if the edges share a common node. In
a regular vine copula, the nodes in the first tree are the random
variables, and from then on each edge and node is a conditional
copula density.

Regular vines are still a quite general category that embraces
several classes of pair-copula decompositions. Among all the
variants of the regular vines, it is worth mentioning two spe-
cial cases: the D-vine and the canonical vine. Each one of these
two classes of regular vines has a specific way of describing the
decomposition of a density function.

In a D-vine, each tree is a path. Therefore, a D-vine of d variables
would have T; trees, with j =1,...,d — 1, and each tree would
have d + 1 — j nodes and d — j edges. Note that each edge corre-
sponds to a pair-copula density and each edge label corresponds
to the subscript of the pair copula density. Figure 2.7 presents an
example of a D-vine with 5 variables.

From figure 2.7 the decomposition of the 5-dimensional proba-
bility model can be expressed as:

N12345 = fifaf3faf5 cracazcaacas ci3p



Figure 2 Example of a D-vine
with 5 variables, 4 trees and

10 edges. Each edge (repre-
sented as a line) is associated
with a pair-copula conditional
density.
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The general equation that represents a d-dimensional PDF
through a D-vine is:

d—1d—j

F) X TTTT ettt ,iejmt

j=1i=1

(F (xilxis1s - X jm1s ) F (i j it - Xiejm1) ).

flxr,...

,Xd)

a\
Il L

In a canonical vine, each tree 7; has an unique central node that
connects to the other nodes through d — j edges. This type of
structure is advantageous when one knows that a particular vari-
able is the one that governs the interactions in the dataset. For
instance, it is typical in geotechnical engineering to relate the
(N1)gp of the SPT to multiple parameters and variables of soils;
then, it would be desirable to recreate a multivariate model where
(N1)gp is at the root of the canonical vine. Figure 3 presents an
example of a canonical vine with 5 variables.

45[123

Figure 3 Example of a canonical vine with 5 variables, 4 trees and 10
edges. Each edge is associated with a pair-copula conditional density.
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From figure 3 the decomposition of the 5-dimensional probabil-
ity model can be expressed as:

S12345 = f1f2f3f4fs5 ci2ci3ciacis cp31€24)1

€251 €34/12C35[12 €45|123

The general equation in which a d-dimensional probability den-
sity function is expressed through a canonical vine is given
by:

d d—1d—j

Hf(xk) X H H Cjj+ill,....j—1

k=1 j=li=1
(F(xj|x|,...,xj_]),F(xj+i|x1,...7xj_1))

f(xl,...

7xd)

Constructing vine copulas from a dataset encompass three gen-
eral steps. First, the structure of the vine must be specified. That
is to say, the type of the vine and the interaction of the nodes
(and variables) on each tree. Second, a bivariate copula function
must be established for each edge on each tree. A wide range
of bivariate parametric copulas exist in the literature and can be
employed. Third, each copula must be adjusted to the available
data. Several methodologies exists in the literature for this last

purpose.

Some of these concepts will be discussed in more detail in this
document. In particular, section 4.3 presents several families of
copulas that are popular in geotechnics; section 4.4 explains dif-
ferent methodologies for adjusting copulas to data and the issue
of defining the best copula for a dataset is treated in section 4.5.

3 Some remarks about dependence in
geotechnics

In order to understand the essence of copulas and their appli-
cability in geotechnical engineering, it is necessary to clarify
what dependence and correlation are and how they are related to
multivariate CDFs. Although these two concepts are sometimes



assumed as synonyms, from a statistical perspective they have
different meanings.

On the one hand, dependence can be better approached from the
concept of statistical independence: two random variables X and
Y are said to be statistically independent if the occurrence of
one event X does not have implications on the CDF of another
event Y. This can be mathematically written through conditional
probabilities as P(X|Y) = P(X) or P(Y|X) = P(Y); thus, two ran-
dom variables are considered dependent if the conditions to be
statistically independent are not satisfied.

On the other hand, correlation is a statistical measure of associ-
ation between two random variables. It must bear in mind that
the term correlation is sometimes understood as a measure of lin-
earity between two random variables, such as the Pearson’s rho
correlation coefficient does [see, e.g., 20], although this term is
also applicable to other non-linear measures of dependence, such
as the rank measures that will be studied in section 4.2.

Dependence is a more general concept than correlation, and in
fact, it encompasses all types of statistical correlations. Corre-
lation implies dependence, but dependence does not necessarily
implies correlation, e.g. a Pearson’s rho correlation coefficient
equal to zero does not mean statistical independence between
two random variables, since there could be other structures of
dependence different from linearity.

Following these concepts, there are many variables in geotech-
nics that can be considered dependent, such as the shear strength
parameters of the Mohr-Coulomb failure criterion, Atterberg lim-
its, parameters of the soil-water characteristic curves, foundation
settlement parameters, among others. Geotechnical literature is
full of correlations and equations to predict values of some pa-
rameters based on some others that are easier to obtain. For
instance, the (N )g, of SPT is commonly related to many other
parameters such as the unconfined compressive strength ¢g,,, cone
tip resistance ¢, soil friction angle, among others. Readers inter-
ested in some of these correlations are referred, for instance, to
Ameratunga et al. [21].

Additionally, it is found that the most used measure of correlation
in geotechnical engineering corresponds to the Pearson’s rho co-
efficient; this is expected given its popularity, simplicity, and that
it is the canonical measure of dependence of the widely used mul-
tivariate normal distribution. This coefficient and its implications
will be further studied in section 4.2.

Now, starting from the concept of dependence, it is necessary
to construct multivariate CDFs that indicate the probability of
occurrence of two or more dependent events. These functions
are essential to simulate random values with certain dependence
structures or to carry out reliability analysis and compute prob-
abilities of failure of geotechnical models. However, in practice,
there are a few multivariate CDFs that are easy to construct
and extend to high dimensions, which narrows the range of
possibilities when representing dependence through a CDF.

Furthermore, it is unfortunately usual in geotechnical engineer-
ing practice to have a reduced amount of data due to quite limited
budgets or lack of time. With this scarce information at hand, it
is only possible to define marginal distributions, i.e. univariate
distribution functions for each random variable, and a correlation

matrix, which is commonly constructed through Pearson’s rho
coefficients among random variables. This condition is referred
to as incomplete probability information, and a basic introduction
to its characteristics is found in Der Kiureghian and Liu [22].

Under these circumstances, the multivariate normal distribu-
tion is commonly adopted, without validation, for representing
probabilities of the joint occurrence of the dependent random
variables. It is well known that this distribution has many ad-
vantages since it has been widely studied, its extension to high
dimensions is straightforward, it only requires the definition of
a covariance matrix X based on Pearson’s rho coefficients, and
in general, its application is quite simple. The d-dimensional
normal PDF is given by:

1
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where X is a random vector in R?, ne R is the mean vector and
¥ € R%*4 is the covariance matrix constructed through Pearson’s
rho correlation coefficients.

However, equation (11) is too restrictive since all random vari-
ables are assumed to be normally distributed, and dependence is
limited uniquely to a Gaussian type. This results in drawbacks
that appear when modeling joint occurrences of some geotechni-
cal random variables, such as shear strength parameters, where
physically both cohesion and friction angle cannot be negative.

In consequence, there is a need of exploring other alternatives
in this regard. Some early works, such as Der Kiureghian and
Liu [22], studied the issue of the representation of random vec-
tors and the computations of the probabilities of failure under
incomplete probability information. However, although there are
several possibilities for this purpose, the truth is that very few are
applicable in practice since the majority are restricted only to a
bivariate case and/or only are capable of representing small cor-
relations between random variables. One of the most widely used
alternatives, before copula theory became popular, was the Nataf
transformation, which will be introduced in the next.

3.1 The Nataf transformation

The Nataf transformation [3] is an approach that appears as a so-
lution to the problem of modeling dependence when probability
information is reduced to marginal distributions of all random
variables and a linear correlation matrix p.

Following Liu and Der Kiureghian [23] and Li et al. [24], the
Nataf transformation can be defined as a transformation of ran-
dom variables from the original/physical space to a space of
standard normal variables. In this sense, a d-dimensional vector
of dependent random variables X, with marginal CDFs Fy, (x;),
is transformed into a vector of random variables Z that follows
a normal probability function .4°(0,p,) with linear correlation
matrix p, using the transformation Z; = ®![Fx,(x;)] for i =
1,...,d; here ® denotes the standard normal CDE.

Additionally, based on the Nataf transformation, the joint PDF of
random vector X in the original/physical space can be expressed
as:
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where @, is the d-dimensional normal PDF with mean zero and
correlation matrix pg. In general, equation (12) is known as the
Nataf distribution.
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It must bear in mind that the Nataf transformation causes a corre-
lation distortion; that is, the correlation coefficient Poy;» between
the standard normal variables Z; and Z;, is not equal to its coun-
terpart within variables X; and X, denoted by p;;. The correlation
matrix po can be obtained from p by applying the following
equation [22]:

e [ (05)
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this equation can be solved iteratively through numerical meth-
ods. Nonetheless, some semi-empirical formulas for approxi-
mating po from p, under different conditions, were presented
by Der Kiureghian and Liu [22]. Also, Li et al. [24] pre-
sented a Gauss-Hermite-Quadrature method which leads to bet-

ter approximations of py than the semi-empirical formulas of
Der Kiureghian and Liu [22].

As we can observe, with the use of the Nataf transformation we
can couple dependent random variables with different marginal
PDF:s; this is is more flexible than the multivariate normal dis-
tribution of equation (11). Additionally, Nataf transformation
integrates very well with popular reliability methods, such as
the First Order Reliability Method (FORM) or the Monte Carlo
simulation (MCS) [see, e.g., 24]. Due to this, the Nataf trans-
formation has been the default method for many years to handle
dependent random variables with different univariate distribu-
tions.

However, Nataf transformation has several implicit hypotheses,
and the most notable is the one of the dependence structure. In
recent years, copula theory has given new insights into depen-
dence, and it has allowed to elucidate the hidden dependence
hypothesis behind Nataf transformation. In this regard, it was
demonstrated by Lebrun and Dutfoy [25], in the light of copula
theory, that Nataf transformation is nothing but a particular case
of the Gaussian copula.

Now, what are the implications of Nataf transformation being a
particular case of Gaussian copula? In fact, in the light of copula
theory, Gaussian copula is just one structure of dependence that
belongs to the wide range of dependence structures than can be
modeled through copulas. In this way, Gaussian copula, or Nataf
transformation, is one of many options and perhaps it may not
be the best structure of dependence for representing a dataset,
leading thus to misleading models. This topic is further explored
in subsequent chapters of this document.

It is worth mentioning that, in addition to the work of Lebrun
and Dutfoy [25], a generalization of the Nataf transformation to

all kind of elliptical copulas was exposed by Lebrun and Dut-
foy [26]. In this sense, Nataf transformation was extended to
represent any elliptical copula, not just a Gaussian copula. Be-
sides this, the popular FORM/SORM were also extended to this
generalized Nataf transformation.

The advantage of copulas is evident since, without them, there
is only a narrow range of multivariate distribution functions in
practice and those are too restrictive in terms of dependence.
Additionally, copula theory is more general than the widely
used Nataf transformation, and hence its range of possibilities is
larger. Its multiple advantages have led copulas to be applied in
many fields, being geotechnics one of them.

4 Construction of copulas for modeling
dependence among geotechnical
variables

There is a great variety of copulas in the literature, each with its
own particular properties that make them suitable for represent-
ing different dependence conditions. However, considering this
wide range of possibilities, the question arises as to which is the
best copula to model the dependence between our variables of
interest.

Therefore, this section will be dedicated to elucidate, from a
practical perspective, how this question can be solved in the best
possible way based on the available information. In other words,
the concepts of the construction of copulas to model geotechni-
cal parameters will be introduced in this section, based on the
latest postulates of the state-of-the-art. Nonetheless, it is worth
mentioning that the methodologies presented here are not a strait-
jacket and different variants can be applied depending on the
particular conditions of the problem of interest. In this way, the
content of this section is a guide that readers can adopt as a basis
for their particular problems.

Five general steps are identified in the construction and definition
of a copula function for the purposes of modeling geotechnical
variables:

1. Define and fit the marginal PDF of each random variable
involved in the model.

2. Estimate the strength of the dependence between the random
variables.

3. Define a set of candidate copulas € that could fit the depen-

dence characteristics of the random variables of interest.

. Fit the candidate copulas in %’ to the available information.

5. Select the most suitable copula in %" through some goodness-
of-fit test.

~

Each of these steps will be covered in detail. In particular,
section 4.1 provides some guidelines on the adjustment of ran-
dom variables to one-dimensional PDFs; section 4.2 introduces
the concept of correlation, and explains its role as a first approx-
imation to the magnitude of dependence; section 4.3 introduces
those copulas that, after reviewing the state-of-the-art, were iden-
tified as the most frequently used in geotechnics; section 4.4 ex-
plains how to fit copulas to the available data. Finally, section 4.5



introduces some practical techniques for the definition of the
most suitable copula among a set of candidate copulas €.

4.1 Selection of marginal distributions

There is a wide variety of univariate PDFs in the literature, both
continuous and discrete (see e.g. Montgomery and Runger [27],
Ang and Tang [20] or Kottegoda and Rosso [28]). In particular,
we will be interested in continuous PDFs. Some of them have
been quite popular in geotechnics, such as the normal, lognor-
mal and uniform. Some others have also shown a great potential
for modeling geotechnical parameters, such as the exponential,
gamma, beta, Weibull or Gumbel.

In general, the process of fitting and selecting a marginal distri-
bution is simple and straightforward to implement. Firstly, a set
of candidate distributions must be proposed. Then, these distri-
butions area fitted to the data set using, for example, standard
techniques such as the method of moments or the maximum
likelihood method [see, e.g., 20]. Subsequently, the best fit dis-
tribution will be selected and for this purpose different goodness
of fit techniques can be employed. Among all the existing good-
ness of fit techniques, some widely used are worth mentioning,
such as the Kolmogorov-Smirnov test, Cramér-von-Mises crite-
rion, Anderson—Darling test, the Akaike Information Criterion
(AIC) or the Bayesian Information Criterion (BIC). These last
two techniques will be discussed in Section 4.5.2.

4.2 Measures of correlation

Dependence is one of the most studied and important concepts in
probabilistic and statistic analysis, and hence in reliability stud-
ies. Stochastic dependence has a great impact not only in the
construction of a joint PDF but also in the estimation of the
probability of failure [29, 11].

In practice, there is a wide range of degrees of dependence
among geotechnical random variables. However, dependence in
geotechnics is commonly characterized by a number that varies
in the interval [—1,1] and that evaluates its strength. These
coefficients are commonly known as measures of correlation
and although they are quite useful and easy to calculate, they
serve only as a first approximation to the whole structure of
dependence of two random variables.

There is a wide variety of correlation measures in the literature,
each with its own aims, scopes, and particular properties [see,
e.g., 30]. However, in this document, we are mainly interested in
two categories: the linear correlation measures and the measures
of concordance. On the other hand, linear correlation measures
are important as they are the most popular in practice, and they
are also the basis for elliptical distributions (a concept that will be
discussed later), such as the multivariate Gaussian distribution.
However, their use in non-elliptical distributions is misleading,
erroneous and sometimes useless [31, 12]. On the other hand, the
concordance measures are important since they are the most suit-
able correlation measures to be used in conjunction with copula
theory.

The concepts of linear correlation and concordance will be dis-
cussed in more detail below. In particular, the Pearson’s rho
correlation coefficient will be introduced as a measure of linear
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correlation and the Spearman’s rho and Kendall’s tau coefficients
will be introduced as measures of concordance.

4.2.1 Linear correlation

Linear relationship between two random variables, X and Y, can
be expressed by the following equation:

EY|X=x)=a+px

where o is the intercept and 3 the slope of the straight line that
relates both random variables. This equation states that by hav-
ing X, one could predict the values of Y by employing a direct
linear relationship. Nonetheless, two random variables are sel-
dom perfectly associated in a linear way. Conversely, the straight
line that relates both variables must be fitted to the available in-
formation, and even so the dispersion of the data may not allow a
good adjustment. Thus, it is necessary to evaluate the suitability
of the linear relationship between two random variables and for
this purpose the coefficients of linear correlation are employed.
According to Embrechts et al. [12] and Ang and Tang [20], lin-
ear correlation can be defined as a measure of suitability of linear
dependence. In particular, Pearson’s rho correlation coefficient
is introduced below.

Pearson’s rho

This is the most popular used measure of dependence, given
its simplicity and its intrinsic relationship with the multivariate
Gaussian PDF. Pearson’s rho correlation coefficient is a measure
of linear dependence between two random variables, X and Y, as:

cov(X,Y)

var(X)/var(Y)

p(X,Y)= (13)

Note that an extension to more than two dimensions (d > 2)
is straightforward, since the correlation is evaluated pairwise so
that a d x d correlation matrix is formed. For example, given
three random variables, X, X, and X3, the correlation matrix is
expressed as:

1 P(XhXZ) p(Xl7X3)
p=|pX,X1)) 1 p(X2,X3)
p(X3,X1) p(X3,X2) 1

It can be shown from equation (13) that p(X;,Xz) € [—1,+1];
here, —1 or +1 would mean a perfect linear relationship be-
tween the given two variables, either positive or negative and 0
would mean linear uncorrelatedness. It is worth noting that linear
uncorrelatedness does not mean independence, since two vari-
ables may have no linear relationship but rather other types of
relationships [see, e.g., 20].

Nonetheless, equation (13) expresses that Pearson’s rho corre-
lation between two random variables depends not only on the
covariance of these variables, but also on their variance and con-
sequently on their marginal distributions. In this sense, we can
extract two important remarks:



1. The range of values that p (X, X>) can adopt will be bounded
between Pin and Puay (i-€., [Pmin, Pmax] C [—1,+1]), where
Pmin and Py, are functions of the variance of the marginal
distributions.

2. Pearson’s correlation coefficient p depends on both, joint
and marginal distributions of the involved random variables.
This behavior is against the nature of copula theory, where
marginal distributions and dependence are isolated.

Inasmuch as Pearson’s correlation coefficient is only invariant
in strictly increasing linear transformations, but not in strictly
increasing transformations, it is necessary to explore other mea-
sures of dependence that better agree with the nature of the
copulas; the measures of concordance are especially suitable for
this purpose.

4.2.2 Concordance

Before introducing the two main rank correlation coefficients,
namely Spearman’s rho and Kendall’s tau, it is important to
explore the concept of concordance.

Following Nelsen [11], let us assume two independent obser-
vations (x;,y;) and (x;,y;) from a vector of continuous random
variables (X,Y). The pair of observations are said to be concor-
dant if x; < x; whenever y; < y; or if x; > x; whenever y; > y;.
In the same way, these two observations are said to be discordant
if x; < x; whenever y; > y; or if x; > x; whenever y; < y;. Al-
ternatively, it could be formulated that two observations (x;,y;)
and (x;,y;) are concordant if (x; —x;)(y; —y;) > 0, or discordant
if (x; —x;)(yi —y;) < 0. In this sense, concordance is a measure
of associativity between large or small values of two random
variables.

Rank correlations are native measures of concordance for two
random variables [5]. Essentially, a rank correlation is a scalar
measure that is based on the ranks of the data instead of the
actual numerical values. From copula theory viewpoint, rank
correlation coefficients only depend on the copula and not on
the marginal distributions, which contrasts with Pearson’s rho
correlation coefficient that depends on both. This fact makes
rank correlations the natural and most appropriate measure of
dependence for copulas [5].

With this context, the two well-known nonparametric measures
of dependence, namely Spearman’s rho rank correlation and
Kendall’s tau rank correlation, can be defined as follows.

Spearman’s rho

Informally, Spearman’s rho coefficient (p;) could be defined as
the linear correlation of the transformed random variables. In this
way, given two random variables X and Y,with CDFs Fx and Fy,
respectively, Spearman’s rho coefficient is defined as:

ps(X,Y) = p(Fx (x), Fy (y))-

When the probability distribution of the random variables is not
certainty known, it is convenient to define Spearman’s rho coef-
ficient in terms of the ranks of the data. These ranks, denoted as
R; and S;, result from the ordering of the sample of the two ran-
dom variables, X and Y, that is, R; = rank(X;) and S; = rank(Y;)
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[see 20, for details]. Then, Spearman’s rho can be, alternatively,
defined as:

X (Ri—R)(Si—3)

i=1
Ps = m S )

\/2<Rifﬁ>2>:(sifs)

i=1 i=1
where
I . 1 & n+1
R_S_;;Ri_E;Si_ R
Kendall’s tau

Conceptually, Kendall’s tau coefficient (7) is defined as the
probability of concordance minus the probability of discordance

(X, Y)=P((X-X)(¥-¥)>0)
-P((Xx-X)(r-7) <0)

where X and ¥ are an independent copies of X and Y, re-
spectively, i.e, a second version with the same distribution but
independent of the first.

Analogously, a sample version of Kendall’s tau coefficient is

expressed in the following equation:

T, — Iy n— Qn _ 4
= =

() nn—1)
where P, is the number of concordant pairs and Q, the number
of discordant pairs of the sample.

P,—1

Both Spearman’s rho and Kendall’s tau, as well as Pearson’s
rho correlation coefficient, are easily calculable in two dimen-
sions. Furthermore, extensions of these coefficients to more than
two dimensions are straightforward, since only pairwise evalua-
tions of the variables are required to form a correlation matrix,
as described above for the correlation matrix of Pearson’s rho
coefficients.

Rank measures of dependence, such as Spearman’s rho and
Kendall’s tau, have several properties that make them especially
suitable for their use in copula theory. For instance:

1. Both Spearman’s rho and Kendall’s tau are symmetric and
take values within [—1, 1], regardless the marginal distribu-
tions.

2. A value equal to zero in either of these two rank coefficients
is a stronger indicator of independence than Pearson’s rho co-
efficient; however, such hypothesis must be corroborated with
other tests.

3. Rank correlation values of 41 or —1 indicate comonotonicity
and countermonotonicity respectively [see, e.g., 13].

4. Both rank correlations do not depend on marginal distribu-
tions, but rather solely on the adopted copula.

5. Both rank coefficients, unlike linear correlation, are invari-
ant under strictly increasing transformations and are also less
sensitive to outliers.



So, rank measures, either Spearman’s rho or Kendall’s tau, are
the most suitable and natural measures to be used in the rep-
resentation of the strength of dependence between two random
variables, in copula theory.

4.3 Popular families of copulas

A great variety of copulas could be found in the literature, each
one with its properties and dependence structure. Also, it is
common to group these copulas into some families, taking into
account some similarities in their properties or in how these cop-
ulas are constructed. Particularly, in the geotechnical engineering
framework, and after a review of the state-of-the-art, three fami-
lies of copulas are mainly used namely Elliptical, Archimedean,
and Plackett copulas.

In this section, we will review the aforementioned three fam-
ilies of copulas, while providing some theoretical background
and explanation of their properties. For an in deep explanation,
the reader is referred for example, to Nelsen [11], Joe [32] or
Embrechts et al. [12].

There exist other families of copulas widely used and quite stud-
ied in several fields, such as the Farlie-Gumbel-Morgenstern
(FGM), Ali-Mikhail-Haq (AMH) or Marshall-Olkin copulas.
However, their utility has been rather scarce in geotechnics,
mainly due to the reduced range of degrees of dependence that
they are able to handle.

4.3.1 Elliptical copulas

Elliptical copulas are associated to elliptical distributions as a
consequence of the Sklar’s theorem. The shape of these distri-
butions is symmetric and from here stems their name, since the
isocurves of their PDFs are ellipse-like forms in R" (see e.g.
Figure 4.3.1).

An elliptical distribution, which is denoted as E,;(u,X) in R,
mainly consists of two parameters: a localization vector p € R?
and a scatter matrix * € R?*? that is symmetric and positive
semi-definite.

These distributions/copulas are radially symmetric around their
respective localization vector U, and their scatter is represented
by the scatter matrix X. Another important remark about these
distributions is that the linear correlation coefficient is their natu-
ral measure of dependence, so for a random vector, each element
pi;j of the correlation matrix p can be defined as:

5
pij =p (X, X;) = !

VZiZjj

Disadvantages associated to linear correlation have already been
studied before in this document. Furthermore, elliptical mul-
tivariate distributions, and the definition of their correlation
matrix p, require all marginal distributions to be elliptical [12].
Nonetheless, these two pitfalls are solved using copulas.

In order to apply robust linear correlation estimators, rank mea-
sures of dependence have to be used. Specifically, the relation
between Kendall’s tau and Pearson’s rho is suitable for this pur-
pose. In this way, copula parameters of dependence of elliptical
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copulas, and hence their matrix of correlation, can be computed
through the respective Kendall’s tau coefficients between pairs
of random variables. This relation is given by the following
equation [33]:

T(Xl‘,Xj) = %arcsin(pij) (14)

Note that if i = j then p;; = 1.

With this brief introduction to elliptical distributions, we are now
in a position to present two of the most used elliptical copulas
in geotechnical engineering, namely the Gaussian copula and the
Student- copula. Readers interested in more details about theory
of elliptical distributions and elliptical copulas can find a good
exposure of this topic in Embrechts et al. [12].

Bivariate equations of both Gaussian copula and Student-f cop-
ula are presented in table 1. Both copulas are comprehensive
copulas, i.e. they both can approach to countermonotonicity W,
and comonotonicity M,. Furthermore, equation (14) holds for
these two copulas as a way of fitting them to a given Kendall’s
tau. Extending these two copulas to more than two-dimensions
is straightforward, and this fact is one of the reasons of their
popularity.

Although the copula dependence parameter of both copulas can
be fitted by equation (14), Student-f copula has an additional
parameter of adjustment, namely degrees of freedom v. While
Gaussian copula is a one-parameter copula, the Student-# copula
is a two-parameter copula. The number of degrees of freedom of
a Student- copula controls the strength of both tail dependence
coefficients, i.e. A, and A; (see equations (6) and (7)), as stated in
the equations presented in table 2.

Note that as a consequence of the radial symmetry property of
elliptical copulas, both coefficients of tail dependence of the
Student-# copula are equal. Additionally, as v increases, the tail
dependence of the Student-t copula becomes weaker, and vice
versa, as Vv decreases, the tail dependence of the Student-f copula
becomes stronger. In this way, when v tends to infinity, both A,
and A; approach to zero.

On the other hand, the Gaussian copula does not have tail depen-
dence, i.e. A, = A; = 0. However, what is truly interesting here is
that the Gaussian copula is a particular case of the Student-f cop-
ula. Student-t copula becomes a Gaussian copula when its tail
dependence is equal to zero, i.e., when Vv tends to infinity. There-
fore, Student-r copula has more general dependence structure
than Gaussian copula. Some authors, such as Embrechts et al.
[12], support the use of the Student-f copula as an alternative to
the commonly used Gaussian dependence structure.

The number of degrees of freedom of a Student-t copula can
be estimated from data using fitting methods based on the con-
cept of maximum-likelihood-estimation, like the ones presented
in section 4.4. When no data is available and just the rank mea-
sure of dependence is known, some authors such as McNeil et al.
[5] recommend to adopt a value of 4 for the degrees of freedom.

Algorithms for modeling both Gaussian and Student-f copulas
can be found in Embrechts et al. [12] or McNeil et al. [5]. For
illustrative purposes, Figure 4.3.1 shows the contours of two



Table 1 Bivariate copula function C and copula density function ¢ for Gaussian and Student-f copulas

Copula C(u,v; 0) c(u,v; )
1 Xp[ 5%92295152+52292],
Gaussian ~ @g (@ (u),® ' (v)) VI1-6? 2(1-9%)
Ei=7 (u); &=27"(v) X
_v+2
(17 W)’ 207y wry W (7' @) 2
r(“2)r((y) H v(1-62)
Student-t  ty.(t, ' (u),t, ' (v)) .2 e 1
2 T2

I" = Gamma function.
v = degrees of freedom.

6 = Pearson’s rho correlation coefficient.

ty @ = univariate Student’s PDF, with v degrees of freedom and 6 Pearson’s rho correlation coefficient.

Ty+1 = univariate Student’s t CDF, with v + 1 degrees of freedom

&y = bivariate Gaussian CDF, with zero mean vector and 6 Pearson’s rho correlation coefficient.

@~ = inverse of a standard Gaussian CDF.

Figure 4 Contour plots of (a) _ (b
two bivariate PDFs whose cop- 3 3
ulas are elliptical and their
marginals are standard normal 2 2
PDFs. Both copulas have a
Kendall’s tau T =0.3. (a) Gaus- 1 14
sian copula; (b) Student-t cop-
ula (v =3)
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Table 2 Tail dependence of Gaussian and Student-¢ copulas 4.3.2 Archimedean c opulas
Copula A A . .
Py ! L Before defining Archimedean copulas, the concept of generator
Gaussian 0 0 function must be introduced. Following Nelsen [11] and Em-
Studentst  2T... (—VFLV/I=8 2T (= Y FIV/1=8 brechts et al. [12], a generator function ¢ can be defined as a
udent- v+l /140 v+1 VT . . . .
continuous strictly decreasing function that maps from [0, 1] to

Ty+1 = univariate Student’s t CDF with v + 1 degrees of freedom

PDFs that have an elliptical PDF and whose marginals follow a
standard normal distribution.

Note in figure 4.3.1 that even though Gaussian copula and
Student-¢ copula are radially symmetrical and have the same de-
pendence parameter, their shape is different thanks to the tail
dependence of the Student- copula. Tail dependence will play a
key role in reliability analysis, as shown in section 7.
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[0,

A generator function has a quasi-inverse (p
[0,00] — [0, 1], as follows:

oo], such that (1) =0

) that maps from

)

<00
<tr<

<t
( )

Clearly, (p(’l) is continuous and decreasing on [0,0] and it is
also strictly decreasing on [0, ¢(0)]. Thus, on the interval [0, 1],



¢V (@(r)) =t. In this way:

o(o10) = {2;(0)7

A bivariate Archimedean copula is defined as:

)

<t <0
9(0) <t <

c(u,v) = 0"V (9(u) + 0(v))

where C is a copula if and only if ¢ is convex. Note that
if @(0) = oo, then @ is a strict generator, and thus, @)
¢, which constitutes a strict Archimedean copula C(u,v) =
¢~ (9(u)+ ().

Archimedean copulas constitute one of the most popular and
flexible classes of copulas. The ease to construct and sample from
these copulas and their wide variety of dependence structures,
make this class of copulas a suitable option to model dependence
in geotechnical engineering.

Although Archimedean copulas overcome some limitations of
elliptical copulas, they have some disadvantages. Unlike ellip-
tical copulas, Archimedean copulas are not derived from the
Sklar’s theorem; however, they do have closed-form expres-
sions and they can model both radial and non-radial symmetry.
Despite Archimedean copulas are especially suitable for mod-
eling dependence of two random variables, their extension to
more dimensions is not as straightforward as in the case of el-
liptical copulas. Actually, for extending this class of copulas
to more than two dimensions some requirements must be ful-
filled, and even so, there are some limitations over these kinds of
procedures.

Nonetheless, the complexity of the final Archimedean copula in-
creases as the dimension grows. Additionally, these extensions
are too restrictive since the same dependence structure is applied
to all random variables, which may be different from reality. In
this regard, some modern techniques such as vine copula theory
(see section 2.7) overcome these types of disadvantages and are
more suitable for modeling high-dimensions dependence struc-
tures when using Archimedean copulas. Readers interested in a
succinct review of the extension of Archimedean copulas to more
than two dimensions are referred to Joe [32] and the references
therein.

Many generator functions can be found in the literature, and
hence many Archimedean copulas can be constructed. Among all
Archimedean copulas, there are four widely used in geotechnical
engineering for modeling dependence, namely Frank, Gumbel,
Clayton, and Nelsen No 16 copulas. Among other similarities,
the aforementioned four copulas have in common the capacity
of modeling a wide spectrum of dependence, which is especially
desirable in a copula to be used in geotechnics.

In particular, Frank copula is a comprehensive copula, Gumbel
and Clayton copulas can model a complete spectrum of positive
dependence and No 16 copula can model a complete spectrum of
negative dependence and even a weak positive dependence. Ad-
ditionally, there are some variants of these copulas, which extend
their applicability to other structures of dependence; for exam-
ple, Clayton copula can be modified to model both positive and
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negative dependence; also, survival copulas can be used or even
a rotated version of the original copulas can be applied. These
variants are not covered here, but readers interested in this topic
are encouraged to refer to Nelsen [11].

As the generator function is the keystone of Archimedean Copu-
las, it can be used to estimate some of the copula properties. For
example, copula parameter of dependence can be estimated from
Kendall’s tau using the respective copula generator function, and
the same for the coefficients of tail dependence. Thus, complex
equations such as the ones of tail dependence (equations (6)
and (7)), or the one that relates Kendall’s tau and the copula
parameter of dependence (see section 4.4) can be simplified.

When the first derivative of ¢! is equal to minus infinity, i.e.

@ (0) = —oo, coefficients of tail dependence for Archimedean
copulas can be defined as:
-1 2
Ay =2—2lim ‘pf,(s) and
s=0| @~ (s)
-1 2
A =2lim {"’l(s)
20T

Conversely, if (p’l/(O) is finite, then both coefficients of tail de-
pendence will be equal to zero. Proofs of these formulas are
found in Genest and MacKay [34], Joe [32] and Embrechts et al.
[12].

Table 3 presents some useful information about the most com-
mon Archimedean copulas in geotechnical engineering, i.e.
Frank, Gumbel, Clayton, and Nelsen No. 16 copulas. Further-
more, there are several algorithms reported in the literature for
sampling from different Archimedean copulas. A good exposure
of these algorithms can be found in Nelsen [11], Embrechts et al.
[12] or Phoon and Ching [35].

Coefficients of tail dependence of the studied Archimedean
copulas are summarized in table 4.3.2.

For comparative purposes, contour plots of the bivariate
PDFs generated through these four copulas are presented in
figure 4.3.2. A coefficient of Kendall’s tau T = 0.3 is used to
calibrate these copulas, which is the same used for calibrating
Gaussian and Student-t copulas of figure 4.3.1. Furthermore, the
same marginal distributions, i.e. standard normal, are also used
for constructing figure 4.3.2.

Note that the contour plots of the different copulas in figure 4.3.2
differ considerably, and these in turn differ from those of figure
4.3.1. These differences will be reflected in the probabilities of
failure for any performance function, as we will see in section 7.

4.3.3 Plackett copula

Plackett copula is another widely applied copula in geotechnical
engineering. This copula belongs to a family of its own, and it
is a particular example of copulas constructed through algebraic
methods. As the theory of the algebraic methods for constructing
copulas is out of the scope of this document, readers are encour-
aged to refer to Nelsen [11], where a good introduction to this
topic is presented.



Table 3 Generator function ¢, copula function C, and copula density function c in a bivariate case for some popular Archimedean copulas used in

geotechnics.
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Figure 5 Contour plots of (a) (b)
four bivariate Archimedean 3 3
copulas with standard nor-
mal marginal distributions. 2
(a) Frank copula (7 = 0.3),
(b) Nelsen No 16 copula
(T = 0.3), (c) Gumbel copula 11
(t = 0.3), and (d) Clayton
copula (7 = 0.3). > 0
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Table 4 Coefficients of

tail dependence for some Copula 4 Au
popular Archi.medean Frank o o
copulas used in e
geotechnics. Gumbel 0 292
Clayton 2-1/6
No 16 0.5 0

A bivariate Plackett copula has the advantage of being a com-
prehensive copula, which is quite useful for modeling the de-
pendence of geotechnical random variables. Additionally, among
other properties, Plackett copula does not have tail dependence,
either positive or negative, and is radially-symmetric, just like the
Gaussian or Student- copulas.

However, the extension of Plackett copula to more than two di-
mensions is not as simple as in the case of elliptical copulas,
and this fact constitutes one of its disadvantages. Although some
researches, such as Zhang and Singh [36], have presented an
extension of Plackett copula to three-dimensions, its complex-
ity increases significantly, like its limitations. In this regard, it
is worth mentioning again that vine copula theory is especially
helpful for modeling dependence in high-dimensions, and we
recommend its use whenever necessary.

Additionally, there is no closed-form expression in the rela-
tion between rank coefficients and the Plackett copula parameter
of dependence. Therefore, when adjusting a Plackett copula to
a dataset, the parameter of the copula must be approximated
through numerical methods. More of this adjustment will be
explained in section 4.4.

Table 5 presents the equations of the bivariate Plackett copula
and its associated PDF.

Table 5 Bivariate copula function C and copula density function c for the
Plackett copula.

Copula  C(u,v; 0) c(u,v; 6)
s—+/s2—4uv0(0—1)
Plackett T (75 ) R O[1+(6—1)(utv—2uv)]

S=14(0—D(utv) AHHE-DwP oo}

Coefficients of tail dependence of the Plackett copula are sum-
marized in table 6.

Table 6 Coefficients of tail dependence for the Plackett copula

)LI A«u

Copula

Plackett 0 0

Algorithms for sampling from a bivariate Plackett copula can be
found in Nelsen [11] or Li et al. [37]. Additionally, as it has been
done with the other copulas of the different families, the contour
plot of the bivariate PDF generated from of a Plackett copula
are presented. For comparative purposes, figure 6 is constructed
using a Kendall’s tau coefficient equal to 0.3 for two random
variables distributed as standard normal probability functions.
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Figure 6 Contour plots of a bivariate Plackett copula for T = 0.3 with
standard normal marginal distributions.

4.4 Estimation of the parameters of a copula

A copula might be specified in terms of one or several parameters
that are gathered in a vector 6. In practice, 0 is adjusted to a
dataset using one of many available methods. In the following,
an introduction to these methods is given, after McNeil et al. [5],
Genest and Favre [38], and Durrleman et al. [39]. In particular,
the method of moments and the maximum likelihood (with two
of its variants: the IFM and the CML) will be explained.

4.4.1 Method of moments based on rank
correlations

As stated in section 4.2, rank correlation statistics, like Kendall’s
tau or Spearman’s rho, are the natural measures of dependence
in copula theory. Even, it is possible to relate both Kendall’s tau
or Spearman’s rho to the parameter of dependence of a copula.

When a copula C is absolutely continuous, its Kendall’s tau
correlation coefficient 7 is defined using the Stieltjes integral
[40, 11]:

() :4/01/010(u,v)dc(u,v)f 1. (15)

In the same way, Spearman’s rtho correlation coefficient p; can
be defined for an absolutely continuous copula C, as [40]:

ps(C) = 12/01/01(C(u,v) —uv)dudv. (16)

Observe that a reverse procedure is also possible in
equations (15) and (16). That is to say, from a given Kendall’s
tau or Spearman’s rho, the dependence parameter of a copula
could be estimated. However, it is not usual to have the exact
value of the rank measure but rather an approximation so, in this



case, the dependence parameter defined through equation (15)
or (16) is also an approximation.

In some cases, there exist simplifications of equations (15) and
(16). Nonetheless, unfortunately in some other cases, these sim-
plifications are not possible, and even equations (15) and (16)
may not have an analytical solution.

In the case of Archimedean copulas, equation (15) can be sim-
plified as a one-dimensional integral in terms of the generator
function ¢¢ and its derivative, as [34]:

Qc(t
!
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r(c):1+4/01 ;dt.

Furthermore, for some Archimedean copulas, such as Gumbel
and Clayton copulas, equation (17) can be further simplified,
obtaining a quite simple algebraic expression (see table 7).
Nonetheless, not all Archimedean copulas achieve this level of
simplification, such as in the case of Ali-Mikhail-Haq copula
[see, e.g., 11], so numerical methods have to be employed over
equation (17) or equation (15).

Regarding elliptical copulas, Pearson’s rho correlation coeffi-
cient is their main descriptor of dependence, i.e. their copula
parameter of dependence. However, as stated in section 4.2,
this coefficient has many disadvantages from the copula’s the-
ory viewpoint. To overcome these disadvantages, relationships
between Pearson’s rho and rank measures of dependence can
be used, such as the ones of equations (15) or (16). These es-
timates lead to the already presented equation (14), that relates
Kendall’s tau and the parameter of dependence of elliptical cop-
ulas. Additionally, there also exists a direct estimation of the
elliptical copula parameter of dependence from Spearman’s rho
coefficient, which is given by [5]:
(ps)[j: %arcsin(%) (18)
where p;; is the ij-th element of the correlation matrix that con-
tains the copula parameters of dependence. However, it is worth
saying that equation (18) results in good approximations for
Gaussian copulas, but this is not the case of other elliptical cop-
ulas such as the Student-¢ [41]. In this sense, it is preferable to
employ the relationship T — p, given by the equation (14), since
it is more robust and applicable to all elliptical copulas [5].

As stated before, not all copulas have a closed-form solution of
equations (15) or (16), such as the Plackett copula. In these cases,
numerical methods have to be employed to approximate the
copula parameter of dependence by employing rank measures.

Table 7 summarizes the simplified equations that relate Kendall’s
tau 7 and the copula parameter 6 for the most commonly used
copulas in geotechnics. When the relationship is not specified, it
means that equation (15) must be solved using numerical meth-
ods. Additionally, table 7 also presents information on the range
of 7 values that the studied copulas in section 4.3 can model,
as well as the range of values that their respective dependence
parameter can adopt.
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Table 7 Simplified relationships between Kendall’s tau 7 and the copula
parameter 6 for some widely employed copulas in geotechnics.

Copula Range of T Relationship 7 — 6 Range of 0
Gaussian ~ [—1,1] T= %sin’l(e) —1,1]
Student-r  [—1,1] = 2sin"'(0) [-1,1]
Plackett -1,1] - (0,0)\{1}

* )
Frank FLINO0}  t=1-4+4200) (o co)\{0}
Gumbel [0, 1] T=1-% [1,00)
Clayon  [-1,1\{0} 7=;% [~1,2)\{0}
No. 16 —-1,1/3) - [0,00)

*Debye function D (8) = f05 ;(/:Sl dx

4.4.2 Maximum Likelihood Estimator

A well-known alternative to the method of moments is the
method of maximum likelihood estimation (MLE), which may
be more robust and suitable than the method of moments when
the information is scarce [20, 38]. This method allows to esti-
mate parameters of a probability distribution by maximizing its
likelihood function based on the available data.

In the framework of copula theory, the MLE method maximizes
concurrently both marginal distributions parameters and copula
parameters. In other words, by a single optimization, the most
probable points in the parameter space for both structures are
obtained.

Following Durrleman et al. [39], consider a continuous case for
both the copula function C and all marginal distributions Fy;,,
where i = 1,2,...,d, and d stands for the number of random
variables. Now, assuming that the copula density c exists, and
hence the joint PDF is given by equation (3), the expression of
the log-likelihood can be written as [42]:

1(6) = ilnc(Fl (xh: 61),F2(xh; 02) ... Fi(xy; 0,4); @)

t=1

n d
+Y Y Infi(x: 0:) (19

t=1i=1

where x§ is the d-dimensional sample of size N, 0; and « are the
vectors of parameters of the marginal distributions and the copula
function, respectively, and 8 = (61,0,,...,04; o).

By maximizing equation (19), the parameter vector 0 is ob-
tained, which corresponds to the maximum likelihood estimative.
That is to say, O is the parameter vector, from both copulas and
marginal distributions, that maximizes the likelihood function of
the model.

It is worth mentioning that the availability of the data is manda-
tory to carry out the MLE method since otherwise there is no
way to maximize equation (19). By contrast, the method of mo-
ments based on rank correlations can be carried out by using the
data or directly by a known Kendall’s tau / Spearman’s rho. Fur-
thermore, note that both MLE method and moments method are
strongly influenced by the amount and quality of data, since the



greater amount/quality of data the more accurate estimates are
obtained.

In some cases, the MLE method may seem to be less attractive
than the method of moments, since it may involve a higher com-
putational calculation cost over the copula density function and
marginal distributions at the same time. However, this should not
be a problem considering current computational capabilities.

On the other hand, the applicability of the MLE method is greater
than the one of the method of moments, since the MLE method
is especially useful when the copula has more than one fitting-
parameter [38]. In this way, the degrees of freedom of a Student-¢
copula can be adjusted using the MLE, which is not possible
using the method of moments. Thus, the MLE is a more com-
prehensive strategy than the method of moments, since the latter
only adjusts the copula parameter of dependence and needs the
help of other methods to adjust the rest of the parameters, in case
they exist.

4.4.3 The inference functions from margins and
the canonical maximum likelihood methods

Although the MLE is a quite robust and widely applicable
method, it may become unfeasible in very high dimensions. The
MLE method estimates both parameters of the marginal distribu-
tions and parameters of the copula function at the same time, and
therefore it may be too computationally expensive. In this way,
following the nature of the maximum likelihood methodology,
it is necessary to explore other methodologies that are compu-
tationally more efficient but at the same time more robust and
widely applicable.

The inference functions for margins method (IFM), appears as
an alternative for estimating both copula function parameters and
marginal distributions parameters [42]. The IFM method differs
from the MLE method in the sense that the optimization is not
done at the same time for the copula function and the marginal
distributions. Instead, this procedure splits the MLE method into
two stages. The first one fits the parameters of the univariate
marginals distributions 0, using

n
0, = argméix Z lnfi(“"}i; Gi)
=1

and in the second one, the copula vector of parameters o is
computed based on 6, as follows

o= argmnglnc(Fl (xh; él),Fz(xIQ; éz)
=1

o Fa(Xy éd); o)

As we can see, the IFM method follows the same nature of the
MLE method, so they both share the same advantages over the
method of moments. However, the IFM method is less computa-
tionally expensive than the MLE method, so its use in practice is
sometimes preferred.

Additionally, following the idea of maximum likelihood estima-
tion, there is a third technique known as the canonical maximum
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likelihood (CML) method. In this method, copula parameters
are estimated without specifying marginal distributions, and for
this purpose, empirical distributions are used to transform the
original data {(xtl,xii) };1:1 into values in the uniform space
{(u’l . u’d) }:1:1. In this sense, we can rewrite equation (19) as
follows:

n
o= argmélXZlnc(ﬁtl,ﬂtz...ﬂii; OC)
=1

where 72}, is obtained through the empirical marginal distribution
as follows:

At Rt

u"_n+1

(20)

in which R; is the rank of the sample ¢ and # is the total number
of samples.

As aremark, these three maximum likelihood based methods (i.e.
MLE, IFM and CML) result in quantities quite similar but with
some degree of discrepancy. Especially, differences are more
pronounced between the CML method and the other two meth-
ods, since the MLE and IFM methods do take into account a
parametric function for the marginal distributions and the CML
method does not. According to Durrleman et al. [39], if there
exists a considerable difference between the results of the CML
method and the ones of the MLE-IFM methods, these discrep-
ancies may be indicative that marginal distributions are not well
defined. In this case, the criteria for adjusting/selecting marginal
distributions must be checked.

4.5 Tests of goodness-of-fit for copulas

Let us consider a sample {xi eR:i= 172,...,N}, and a set
of copulas ¥ fitted to that sample through any method exposed
in section 4.4. The question that arises is which copula in ¥
provides the best representation of dependence for the sample?
In this regard, it is necessary to apply some criteria to evalu-
ate which copula among the candidate copulas % is the most
suitable.

In the case of marginal distributions, there are several pop-
ular goodness-of-fit tests, such as the Chi-Square (¥2), the
Kolmogorov-Smirnov (K-S), or the Anderson-Darling (A-D)
tests [see, e.g., 20, for details]. However, in the case of copu-
las, there are no widely used and accepted methods such as in
the selection of the marginal distributions. Attention has been
commonly focused on how to fit copulas to data (as seen in
section 4.4) and not on how to choose the most appropriate cop-
ula for a data set. For this reason, the selection of the best fit
copula, especially when the information is scarce, is an open
question in the state-of-the-art [43].

Following Genest et al. [43], methods that seek to select the
most appropriate copula for representing the dependence of a
d-dimensional sample can be divided into four categories:

* Special procedures for a certain families of copulas, like in the
case of Archimedean or Gaussian copulas [see, e.g., 44, 45,
46].



* Procedures applicable to any type of copula, but whose im-
plementation require an arbitrary parameter, kernel-weight
functions or ad hoc categorization of the data in order to apply
an analogous of the chi-square test.

* Procedures applicable to any type of copula, in which it is
not required the adoption of any parameter or special strategy.
These methods are called blanket tests, and their application
is based on some transformations such as the Kendall’s trans-
form, the Rosenblatt’s transform or the empirical copula [see
43].

* Standard goodness-of-fit tests, whose implementation is aimed
at choosing the most appropriate copula in a set of candidate
copulas %', but not to test whether the selected model is suit-
able in the light of some measure such as the P-value [see, e.g.,
20, 28, for its definition].

During the review of this state-of-the-art, we found that the
most used tests for selecting the best copula in geotechnical
engineering, and almost the only ones employed, belong to
this last category. Thus, standard goodness-of-fit tests, specifi-
cally the Akaike-Information-Criterion (AIC) and the Bayesian-
Information-Criterion (BIC), are widely used for selecting the
better copula in 4" when representing the dependence of geotech-
nical variables. However, these two tests do not validate the
choice of the copula.

To clarify this concept, take into account that standard goodness-
of-fit-tests seek to define the copula, within a set of candidate
copulas ¥, that best represents the available information. How-
ever, if all copulas in % are poor representatives of the sample
dependence, the least poor representation of dependence (i.e.,
copula) will be selected. Therefore, all copulas in % must be
responsibly proposed, taking into account some characteristics
such as the range of dependence values that the copula can han-
dle, tail dependence, symmetry, etc. For example, if two random
variables have a negative correlation, ¥ must contain copulas
that can model negative dependence, and not copulas that are
only restricted to positive dependence.

Other methods worth delving are the blanket tests, since these
validate the suitability of a copula through some criteria such
as the P-value. An excellent exposure of these methods is given
by Genest and Favre [38] and Genest et al. [43], so readers
are encouraged to consult these references. In this document
we will introduce two blanket tests: the Cramér-von-Mises and
Kolmogorov-Smirnov tests.

Next, section 4.5.1 is devoted to the Cramér-von-Mises and
Kolmogorov-Smirnov goodness-of-fit tests, while section 4.5.2
deals with the Akaike Information Criterion and the Bayesian
Information Criterion.

4.5.1 Goodness-of-fit test based on the empirical
copula

Starting from the concept of empirical copula already introduced
in section 2.6, it is possible to apply analogous methodologies
to the univariate Cramér-von-Mises and Kolmogorov-Smirnov
goodness-of-fit tests in order to evaluate the suitability of a cop-
ula function when modeling the dependence of a data sample.
For this purpose, it is necessary to compare the distance between
the empirical copula Cy and the parametric copula Cy under the
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null hypothesis Hy, i.e., the evaluated copula model cannot be
rejected.

Following Genest et al. [43], Cramér-von-Mises test statistic Sy,
employing an empirical copula, is defined as:

v = (Vex) ~cow)) don(w o

Analogously, Kolmogorov-Smirnov test statistic (7y) can be
expressed as:

Tv= sup \/N(c,v(u)—ce(u))). 22)

uef0,11¢

In the above equations, N is the sample size and Cy(u) is the
empirical copula constructed through equation (8).

When Cg has an analytical expression, then Sy and 7y can be
directly computed using equations (21) and (22), respectively;
otherwise, a Monte Carlo simulation with m > N trials would
have to be applied, as presented in Genest et al. [43].

4.5.2 Akaike and Bayesian information criterion

The Akaike Information Criterion [47], and the Bayesian Infor-
mation Criterion [48], hereinafter referred to as AIC and BIC
correspondingly, are criteria of model selection within a finite set
of candidate models. That is to say, both AIC and BIC evaluate
the quality of a model and compare it with the quality of the other
candidate models that represent the data set. In practice, these
two criteria are closely related, although their origin and nature
is different [49, 50].

Akaike information criterion is defined as:

AIC =2k—21 (23)
meanwhile Bayesian information criterion is given by:
BIC =kInN —2Inl; , 24

here k represents number of model/copula fitting parameters (k =
1 for a parametric copula where 6 is a one-dimensional vector),
| stands for the value of the likelihood function of the copula
density function adjusted with 8; N is the sample size, equivalent
to the number of observations or measures.

In both cases, the copula C with the smallest AIC/BIC in the set
% 1is the preferred copula. Equations (23) and (24) can be di-
vided into two parts, one that corresponds to the adjustment of
the model to the available data, represented by the value L of the
likelihood function, and the other corresponding to the number
of parameters used by the model, represented by k. Thus, both
tests have a preference for the models that best fit data, but in
turn, penalize the complexity of the model given by the number
of adjusted parameters. Therefore, both tests look for models that
neither overfit nor underfit the true model.

Although these two tests are quite similar, and even the AIC can
be derived from a Bayesian framework just like the BIC [49],
there are several differences between them. For example, penalty



for the number of parameters is greater in the case of the BIC test
in comparison to the AIC test. Additionally, some authors argue
that the use of the AIC or BIC tests must be evaluated depending
of the target task [51, 49].

Particularly, the BIC test is argued as especially useful for se-
lecting the “true model”. Thus, if the true model is in the set
of candidate models, the BIC test will select it with a probabil-
ity of one when the sample size tends to infinity. Nonetheless,
in geotechnical engineering practice, there is no true or perfect
model since these are just approximations of reality, and as an
aggravating factor, sample sizes are usually small. Therefore, un-
der these circumstances, the AIC has shown a better performance
than the BIC.

Nonetheless, as the formulas of AIC and BIC tests are easily cal-
culable, it is a good practice to compute both and compare the
selected best model within the candidate models set. Usually, the
best model will be the same independently of the used test. A
detailed comparison between these two methods is exposed by
Burnham and Anderson [51, 49], Vrieze [50].

5 Some applications of copulas in
geotechnical engineering

This section is devoted to present several uses of copula theory in
geotechnical engineering, in concordance with the current state-
of-the-art. Section 5.1 describes how they have been employed
to model the dependence between shear strength parameters.
Section 5.2 discusses the applicability of copulas for modeling
settlement parameters. The uses of copulas in geotechnical earth-
quake engineering and soil spatial interpolation are presented
in sections 5.3 and 5.4, respectively. Other uses of copulas in
relation to geotechnics are presented in section 5.5. Since re-
liability analysis is one of the main applications of copulas in
geotechnics, section 7 will be devoted to discuss this topic.

5.1 Shear strength parameters of the
Mohr-Coulomb failure criterion

In geotechnical engineering, Mohr-Coulomb failure criterion is
a popular mathematical model that describes the response of soil
and rock materials to shear and normal stresses. This model is
represented by a linear envelope that relates the shear strength of
the material and the applied normal stress, as:
T=otan¢p+c (25)
where 7T denotes the shear strength, ¢ is the normal stress, and
c and ¢ are the shear strength parameters, cohesion and friction
angle, respectively. Note that in equation (25), cohesion is the
intercept of the envelope with the 7 axis, and tan ¢ is the slope of
the envelope.

Both cohesion and inner friction angle are commonly obtained
from the same laboratory test, either by a direct shear test or by
a triaxial test [see 52, 53, for details of these two tests and their
modalities]. For this reason, and since both parameters come
from the same soil or rock sample, there exists an intrinsic re-
lation between them that can be studied from a probabilistic
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perspective. Some researches have pointed out a negative depen-
dence between cohesion and friction angle [see, e.g., 54, 55, 56],
and others a positive one [see, e.g., 57, 58]. Whatever the case,
this dependence exists and cannot be neglected, as stated by
Lumb [57], Matsuo and Kuroda [59], Cherubini [60], Fenton and
Griffiths [61] or Fellin and Oberguggenberger [62]. Nonetheless,
some researches have worked with cohesion and friction angle as
independent parameters [see, e.g., 63, 64, 65, 66, 67], although
this is an unwarranted assumption.

A rudimentary approximation to the dependence between cohe-
sion and inner friction angle is expressed in terms of Pearson’s
rho correlation coefficient [employed by, e.g., 68, 69, 70]. How-
ever, this approximation is not adequate considering the large
dispersion between values of these two parameters and the dis-
advantages of Pearson’s rho correlation coefficient that have
already been exposed in section 4.2. Nonetheless, since Pear-
son’s rho coefficient is quite simple to compute and is the basis of
the popular multivariate normal distribution, it has been widely
employed in geotechnical engineering [see 71, 72, for further
details].

Given that the multivariate normal distribution is quite restrictive
and in general has several disadvantages (see section 3), other al-
ternatives had to be explored to model the dependence between
soil shear strength parameters. The Nataf isoprobabilistic trans-
formation was one of these alternatives, and in particular, this
transformation was one of the most widely used approaches for
modeling dependence before the development of copula theory.
However, as exposed in section 4.2, the Nataf transformation is
indeed a particular case of the Gaussian copula. Thus, in light of
copula theory, soil shear strength parameters have been modeled
employing only one dependence structure, the one given by the
bivariate Gaussian copula.

To fill this gap, some researches have evaluated other alterna-
tives to the Gaussian copula to model the dependence between
shear strength parameters, such as the Plackett, Frank, or Nelsen
No. 16 copulas [see, e.g., 73, 74, 75, 76, 77]. Note that the
aforementioned copulas can handle a wide spectrum of nega-
tive and positive dependence. This property is needed since the
dependence between soil shear strength parameters varies in a
wide spectrum of negative values, and even sometimes positive
values are reported in literature. Some popular copulas such as
the Farlie-Gumbel-Morgenstern (FGM) or the Ali-Mihkail-Haq
(AMH), which are restricted to a relatively weak dependence
[11, 78], may not be suitable to model the dependence of soil and
rock shear strength parameters.

Furthermore, it is worth mentioning that the copulas in the set
of candidate copulas &, for representing a dataset of soil shear
strength parameters, must be varied and have different properties
such as asymmetry, tail dependence, range of dependence values,
etc. These differences allow to evaluate several possibilities in
order to select the one that best fits the structure of dependence
of the dataset.

As an illustrative example, in this section we are carrying out
the exercise of defining a copula model for a soil shear strength
dataset. This exercise will be executed based on the procedure
studied in section 4 and it is in concordance with the current
state-of-the-art on the construction of copulas for soil/rock shear



strength parameters. Then, comparisons with other investigations
of the same nature, and some remarks, that in the judge of the
authors are worth highlighting, are also presented. It is worth
mentioning that this exercise can be extended to other geotech-
nical parameters, so it is not limited to soil/rock shear strength
parameters.

The soil shear strength dataset from the Xiaolangdi Hydropower
Station was adopted as example in this section [readers can con-
sult this dataset in 79]. This dataset is particularly useful since
it has already been studied from a probabilistic perspective, and
even from copula theory framework, in other works [see, e.g.,
35, 80]. A comprehensive soil description and a probabilistic de-
scription of the data can be found in Yu [81] and Zhang et al.
[79].

The Xiaolangdi Hydropower Station dataset contains measures
of soil shear strength parameters from three loading condi-
tions of triaxial tests, namely consolidated-drained test (CD),
consolidated-undrained test (CU), and unconsolidated-undrained
test (UU). The sample size of each one of these tests is equal to
63, 64, and 61, respectively.

As a preliminary step, it is necessary to study the type of de-
pendence between cohesion and friction angle of each triaxial
test modality. For this purpose, dependence can be isolated of
the effect of marginal distributions by applying the empirical
distribution over the original dataset.

Following this guideline, figure 7 contains three scatter plots in
the uniform space for each loading condition of triaxial tests.
This scatter plots are obtained after applying the transformation
given by the empirical distribution, equation (20).
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Figure 7 Scatter plots in the standard uniform space of ¢ vs ¢, from the
dataset of the Xiaolangdi Hydropower Station after employing the transfor-
mation given by the empirical distribution. (a) CD dataset, (b) CU dataset,
(c) UU dataset.
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Scatter plots of figure 7 show that there exists a negative trend
between cohesion and friction angle for all modalities of triaxial
tests. Points of all the scatter plots of the figure 7 are located
next to a —45° slope line, which represents a perfect negative
dependence.

The negative correlation between cohesion and friction angle for
each triaxial test modality is validated through the respective
Pearson’s rho and Kendall’s tau coefficients. The resulting Pear-
son’s rho coefficients for the CD test, CU test, and UU test, are
equal to —0.544, —0.702, and —0.623, respectively. The result-
ing Kendall’s tau coefficients for the CD test, CU test, and UU
test, are equal to —0.384, —0.544, and —0.447, respectively.

Considering this negative dependence, one might already have
some candidate copulas in mind to model the dataset. For in-
stance, the Gaussian, Plackett, Frank and Nelsen No. 16 would
be good options. Furthermore, some other copulas that have not
been extensively used, so far, to model shear strength parameters
can be proposed. For instance, the Student-f Copula is a suitable
option, although it has been only used in a few works of copulas
in geotechnics [e.g., 76, 82]. Some researchers point out that the
Student-r copula is more general than the Gaussian copula, and
should be used instead of this last one when possible [see, e.g.,
12].

It is worth mentioning that some other authors have even worked
with copulas that are not suitable to model negative dependence
in a first instance, such as the Gumbel or Clayton copulas [e.g.
82, 74]. For this purpose, they transform one of the random vari-
ables to force a positive dependence. This operation is also valid
and allows to take advantage of the particular properties of inter-
est of some copulas. Details of this transformation can be found
in the above references or in Nelsen [11].

Now, the next step is to adjust the candidate copulas to the
available data. Recalling section 4.4, there exist four practical
methods to adjust the candidate copulas to the available infor-
mation. The MLE method calibrates both copula function and
marginal distributions at the same time, while the IFM, CML,
and moment methods, calibrate marginal distributions and the
copula function separately.

In the literature, these four fitting methods have been indiscrim-
inately used for adjusting copulas to shear strength parameters.
The MLE method was employed by Zhang et al. [83] to adjust
marginal distributions and copulas at the same time. On the other
hand, [84], [35], and [82] employed the IFM method to firstly
adjust marginal distributions and posteriorly copulas. The CML
was exposed in the work of [75]. Finally, the method of moments
has been used by [74], [76], or [85].

It is possible to conclude that the most used methods for fit-
ting copulas to datasets of shear strength parameters correspond
to the IFM method and the method of moments. Note that un-
like the IFM method, the method of moments only estimates the
copula parameter of dependence, so other copula parameters and
marginal distributions must be adjusted independently.

However, the importance of fitting copulas and marginal distri-
butions at the same time, i.e., of using the MLE method to adjust
copulas to data, was pointed out by Zhang et al. [83]. In this re-
gard, Zhang et al. [83] expresses that copulas affect the fitting



values of the marginal distributions, so for a robust estimation of
the models, the MLE method must be used instead of the other
methods.

We agree with [83] at considering the MLE method as the most
robust method for fitting copulas to data; some other researches,
such as Durrleman et al. [39], support this postulate. This con-
sideration is based on the fact that data is obtained as samples
and not as populations, so there will be discrepancies among the
results of the four fitting methods. The scarcer the information,
the greater the discrepancies between results of the methods;
and vice versa, the more information, the smaller the differ-
ences among results of the methods. The MLE method, by fitting
marginal distributions and copula at the same time, maximizes
the likelihood function of the model and may lead to the best
model estimate based on the available data; this is in comparison
to other methods that adjust separately marginal distributions and
copulas.

Nonetheless, when fitting copula models to data, Zhang et al.
[83] allows negative values of soil cohesion, which is physically
impossible. In this way, the work of Zhang et al. [83], and its
conclusions, must be reviewed in light of this physical restric-
tion. It is important to be aware of the physical restrictions of the
random variables, since they has a direct impact on the final re-
sults. Thus, further studies should be carried out to quantify the
discrepancies between the fit values of models, obtained through
all the different methods used for this purpose.

As an example in this document, several marginal distributions
will be adjusted to the data maximizing their likelihood func-
tion. These marginal functions are the truncated normal below
zero, lognormal, gamma, beta, and Weibull distributions. Then,
the suitability of each marginal distributions will be compared
through goodness-of-fit-test.

There are several goodness-of-fit tests for univariate distributions
[see e.g. 20, 28], and some of these have been widely applied to
model the distributions of the shear strength parameters. In the
copula framework for modeling shear strength parameters, the
Kolgomorov-Smirnov test has been used by Huang et al. [84] or
Xu et al. [74], and the Anderson-Darling was used by Wu [76,
77]. Even the AIC and BIC methods have been used as means of
model selection of univariate distributions [e.g. 35, 75], although
these do not constitute a formal goodness-of-fit test (see section
45.2).

In most cases, the Kolmogorov-Smirnov test is enough to assess
the feasibility of a univariate probability model, and no other
tests are needed. Thus, the K-S test is applied in this document
to define the best-fit marginal distributions at a significance level
of 0.05 (&t = 0.05). Results are summarized in table 5.1.

On the other hand, AIC/BIC values of all the marginal distribu-
tions were computed and used in the original work of Phoon and
Ching [35, chap. 2] to define the best fitting model to data. As a
comparative exercise, it is interesting to contrast best-fit marginal
distributions obtained through these two methodologies, i.e. K-S
test and AIC/BIC test. Table 5.1 presents the AIC/BIC values for
all the parameters and marginal distributions.

In the first instance, it is evident that there are some minor
discrepancies between some AIC/BIC values reported in this
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document compared with those reported by Phoon and Ching
[35, chap. 2]. These discrepancies are mainly due to two rea-
sons: the fitting method and the limits of the truncated functions.
While the method of moments was used by Phoon and Ching
[35, chap. 2], in this document the likelihood of each distribution
was maximized. Therefore, it is expected that different fitting
parameters were obtained, although close.

As an interesting remark, note that AIC/BIC values reported in
this document are in all cases smaller than those reported by
Phoon and Ching [35, chap. 2]. This fact indicates that maximiz-
ing the likelihood functions lead to better-fit models than those
obtained by the method of moments used by Phoon and Ching
[35, chap. 2].

Regarding best-fit marginal distributions, both methodologies
agree on their definition in the majority of cases. Note that in this
particular example, most suitable marginal distributions differ in
the case of inner friction angle of the CD triaxial test, and in the
case of cohesion of the UU triaxial test. Nonetheless, in these two
cases, the best-fit distributions obtained through both method-
ologies have quite similar values of AIC/BIC or K-S, so their
data representation is similar and their differences are minor, in
practice.

Additionally, the present work includes two marginal distribu-
tions that were not evaluated in the study of Phoon and Ching
[35, chap. 2], namely the gamma and beta probability distribu-
tions. Particularly, these two distributions are found suitable to
model both shear strength parameters of the consolidated drained
triaxial test. This find is a motivation to include different types of
univariate distributions within the set of candidate distributions
to represent cohesion and friction angle, or other geotechnical
parameters.

After defining marginal distributions, the next step is proposing
a set of copulas, adjust them to data, and select the most suitable
one. For this purpose, the same copulas proposed by Phoon and
Ching [35, chap. 2] are evaluated in this document, i.e. Gaus-
sian, Plackett, Frank, and Nelsen No. 16 copulas. Additionally,
Student-¢ copula is also evaluated since it is a more general cop-
ula than the Gaussian copula, and its use is recommended by
some researches such as Embrechts et al. [12].

The parameter of the dependence of each copula is fitted through
the method of moments, i.e., using equation (15) or its simplifi-
cations. Furthermore, the number of degrees of freedom of the
Student-¢ copula is assumed to equal to 4.0 as recommended
when it is not possible to estimate it [5].

Although in this case a maximum likelihood estimation can be
carried out to compute the number of degrees of freedom of the
Student-¢ copula, for illustrative purposes Vv is assumed in order
to represent tail dependence and compare the Student-t copula
with the Gaussian copula.

Figure 5.1 presents scatter plots for the CD triaxial test of the
Xiaolangdi Hydropower Station, in conjunction with 300 points
simulated through the aforementioned 5 copulas, after their re-
spective adjustment to the data. It is worth mentioning that for
this simulation the best-fit marginal distributions defined in table
5.1 were employed.



Table 8 K-S values of the
different marginals
distributions. Here D,
stands for K-S test statistic.

Table 9 AIC/BIC values of
different marginals
distributions

Figure 8 Simulation of CD
data from different copulas.
Cohesion modeled as a beta
distribution and friction angle
modeled as a lognormal distri-
bution (a) Gaussian copula, (b)
Student-r copula, (c) Plackett
copula, (d) Frank copula, (e)
Nelsen No 16 copula.

Triaxial test Parameter Truncated normal Lognormal Gamma Beta  Weibull D4y
c 0.072 0.127 0.102 0.06 0.067 0.171
CD ¢ 0.109 0.093 0.098 0.146  0.151 0.171
cu c 0.056 0.173 0.127 0.092 0.076 0.17
¢ 0.082 0.111 0.1 0.103  0.091 0.17
¢ 0.083 0.151 0.127 0.124 0.088 0.174
uu ¢ 0.082 0.065 0051 0091 0072  0.174
Values in bold highlight the best-fit marginal distributions
Lo Truncated Normal Lognormal Gamma Beta Weibull
Triaxial Parameter
AIC BIC AIC BIC AIC BIC AIC BIC AIC BIC
D c 568.6 572.89 589.77 594.06 579.83 584.11 567.93 572.22 568.94 573.23
¢ 300.86 305.14 300.26 304.55 300.15 304.44 307.77 312.05 310 314.29
cU c 613.14 617.46 645.97 650.28 627.48 631.79 617.58 621.9 617.01 621.33
¢ 340.34 344.66 342.11 346.43 341.03 345.35 341.75 346.07 343.85 348.16
uU c 667.86 672.08 674.77 679 670.39 674.62 675.13 679.35 667.49 671.71
¢ 345.38 349.6 338.95 343.17 338.77 342.99 347.32 351.55 344.34 348.57
Values in bold highlight the best-fit marginal distributions
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55 (a) . (b)
O  Simulated o O  Simulated
30 O® o° 0O @ Measured 30 4 00 o .@ ® Measured
o
& 25 1 ? '
© -
ap2? 't
@ o o)
15 T T T T T
0 20 40 60 80 100 120
¢(KPa)
c
35 ( )
O  Simulated O  Simulated
30 O. @® Measured 30 A Measured
625- C25-
< <
20 1 20 1
15 T T T T T 15 T T T T
0 20 40 60 80 100 120 0 20 40 60 80 100 120
¢(K Pa) ¢(K Pa)
e
O
O o O Simulated
30 1 Measured
= °
< 95
20 1 (®J1%) g
Co Qb
15 T T T T T

23

120



Table 10 AIC-BIC values for

i Gaussian Student-r Plackett Frank Nelsen No. 16
all the studied copulas Triaxial Test
AIC BIC AIC BIC AIC BIC AIC BIC AIC BIC
CD -19.65 -17.51 -13.72 -9.44 -18.05 -1591 -20.22 -18.07 -154 -13.26
CU -43.62 -41.47 -39.72 -354 -43.12  -4096 -44.22 -42.07 -32.46 -30.3
Uu -26.44 2433 -2428 -20.06 -2746 -2535 -27.28 -25.17 -2342 -21.31

Values in bold highlight the best-fit copulas

It seems that all copulas well-fit to data, but evidently their suit-
ability must be validated through goodness-of-fit tests. For this
purpose, the AIC or BIC values were computed for each copula
and triaxial test. The results of these calculations are summarized
in table 5.1.

From table 5.1, Frank copula is defined as the most suitable cop-
ula for the datasets of CD and CU triaxial tests, while the Plackett
copula is defined as the most suitable copula for dataset of the
UU triaxial test. This means that the Gaussian copula is not the
best representation of dependence between soil shear strength
parameters of the Xiaolangdi Hydropower Station.

Gaussian dependence structure is commonly adopted without
validation in practice, but in the light of copula theory, this is
just one of several dependence structures. Therefore, the suit-
ability of the Gaussian copula for modeling dependence of a
dataset must be evaluated and contrasted with other copulas. The
same conclusion is found in the many studies of dependence be-
tween soil/rock shear strength parameters from the framework of
copula theory.

Additionally, note that in this particular case Gaussian cop-
ula performs better than Student-t copula, as observed in the
AIC/BIC values of table 5.1. These differences between the
AIC/BIC values of the Gaussian and Student-t copula are due
to the assumed degrees of freedom. In this way, shear strength
parameters from the Xiaolangdi Hydropower Station are better
represented with no tail dependence. This is corroborated with
the best fit copulas since the coefficients of tail dependence are
equal to zero for both Frank and Plackett copulas.

There exist other shear strength datasets that have been stud-
ied from a copula theory perspective. For instance, it is worth
mentioning the datasets of the Ankang Hydropower station
[see 85, 83], the dataset of the Jiangkou, Shuikou and Ertan
hydropower stations [see 85], the dataset of the Shicuan hy-
dropower station [see 84], a shear strength dataset of soils from
Shanghai [see 86, 79], among others. Nonetheless, similar results
and conclusions were obtained in all these works.

Furthermore, Wu [82] conducted a study, from copula theory per-
spective, in which several dataset of shear strength parameters
were employed. For all these datasets, Wu [82] constructed cop-
ulas and found similar results and conclusions to those obtained
in here. In general, there is no universal accepted copula for mod-
eling shear strength parameters of soil and rocks. Each problem
has its particular conditions, so copulas must be fitted to data and
the best fit copula selected through the methods explained here
in order to obtain the best possible representation of dependence.

Finally, it is worth mentioning that procedures described in this
section are based on the current state-of-the-art. So, these proce-
dures could be replicated to model any dataset of shear strength

24

parameters or even any bivariate dependence in geotechnical
engineering.

5.2 Settlement

In the framework of settlement analysis, copula theory has been
mainly employed for the study of model uncertainty of differ-
ent equations that are used for serviceability-limit-state designs.
Most of these equations relate, for different types of foundations,
the applied load and the consequent displacement. To this end,
these relations are commonly expressed in terms of a normal-
ized load Q and a normalized displacement 17. Commonly, the
normalized load is obtained through a load of reference, and the
normalized displacement is obtained through some geometrical
factor. After the normalization, the final scatter in the curves is
significantly reduced, as shown by Dithinde et al. [87], Huffman
et al. [88] or [89, 90]. In this regard, copulas have been used to
model the final scatter of these curves, represented by the fitting
parameters of their equations (i.e., model uncertainty).

Foundation load-displacement relationships can be evaluated
through several equations reported in literature. In particular,
two equations have been mostly employed, which are known as
the hyperbolic equation and the power law equation. Hyperbolic
equation can be expressed in normalized terms as:

n

0= a+bn

(26)

while the power law equation can be expressed in normalized
terms as:
o=cn’ 27)

where Q is the normalized load, n represents the normalized
displacement, and a, b, ¢, and d, are model fitting parameters.

To normalize load-settlement curves several methodologies have
been applied. In the case of the induced settlement, this is mostly
normalized by a foundation geometry factor, commonly known
as B. The parameter B can represent the diameter of the founda-
tion, the width of the foundation, or even the equivalent footing
diameter, i.e. the diameter that produces the same area as that
of a square footing [see, e.g., 91]. The normalized settlement is
hence computed as 7 = s/B, where s is the measured settlement
and B the geometry normalization factor.

On the other hand, normalized load Q employs a reference ca-
pacity gy to normalize the applied load g. Reference capacity is
not necessarily the true foundation capacity, but rather a known
capacity, preferably obtainable through a deflection criterion
[88].



For example, following Briaud [92], in-situ cone net tip resis-
tance ¢ ¢, from the cone penetration test (CPT), was employed
by [89, 90] as g,.r for normalizing applied loads on shallow
footings on sand. On the other hand, following Phoon et al.
[93, 94], the slope tangent capacity Qsrc was employed by Li
et al. [95, 37] as g,y for normalizing the applied load on static
piles, or by Huffman et al. [88] over spread footings on clays.
Details of the cone penetration tests (CPT) and in-situ cone net
tip resistance g ;. are found in Robertson and Cabal [96] and
Briaud [92]. More details about the slope tangent capacity Qsrc
are found in Phoon et al. [93, 94].

It is worth mentioning that a normalized displacement is not al-
ways employed in equations (26) or (27) before modeling the
fitting parameter of the curves through copulas. For example,
only the applied load was normalized by Dithinde et al. [87]
and Li et al. [95, 37] when employing equation (26) for repre-
senting load-displacement curves of static piles. In this case, n
in equations (26) and (27) is replaced by the crude settlement
measure s. Conversely, unlike normalized displacement, normal-
ized load is always employed in equations (26) or (27) before
modeling fitting parameters through copulas.

Copula theory has been employed for modeling the remaining
scatter after normalizing the load-displacement curves dataset.
In this way, dependence between parameters a and b from
equation (26), or ¢ and d from equation (27), has been studied
under the copula theory framework.

For instance, Uzielli and Mayne [89] used a load-displacement
database of 30 shallow footings in different sands to calibrate
equation (27). After the calibration, they proposed a methodol-
ogy to estimate the design load for different threshold settlements
in shallow footings on sands, based on the CPT and for a given
reliability level.

It was demonstrated by Uzielli and Mayne [89] that the param-
eters ¢ and d of equation (27) are dependent on each other and
independent of other variables such as B or g, They employed
a lognormal distribution to model both ¢ and d parameters, and
different copulas were evaluated to represent their dependence.
Frank copula was found to be the best-fit copula for ¢ and d,
and additionally, other variables such as foundation width B, gy,
or gupp Were also adopted as random variables but without de-
pendence for the analysis. Thus, a probabilistic approach was
presented by Uzielli and Mayne [89] to design vertically loaded
shallow footings on sand based on the CPTu test, and taking into
account model uncertainty of equation (27) with the support of
copula theory.

Later, Uzielli and Mayne [90] delve into the importance of taking
into account the dependence between fitting parameters of the
power law model (equation (27)). The same load-displacement
database of Uzielli and Mayne [89] was employed by Uzielli and
Mayne [90] for calibrating equation (27). They evaluated three
procedures for modeling load-displacement curves of shallow
footings on sand, namely the fully probabilistic MP, the paramet-
ric uncertainties PO, and the deterministic DT approaches. MP
approach consists of a fully probabilistic method, where B, gupp,
and g, parameters are modeled as independent random vari-
ables; additionally, both ¢ and d parameters from equation (27)
are modeled as random variables through a Frank copula and
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beta marginal distributions. The PO method comprises in a prob-
abilistic method where B, ¢, and g, are independent random
variables, but ¢ and d in equation (27) are taken as determin-
istic values. Finally, DT approach involves a fully deterministic
method where B, gqpp and gy, just like the parameters ¢ and d,
are taken as deterministic values.

In this way, Uzielli and Mayne [90] highlights the importance of
probabilistic analysis when modeling load-displacement curves;
in particularly, the importance of the dependence between ¢ and
d parameters of equation (27) is highlighted. They pointed out
that the MP approach showed to be the most appropriate one,
and neglecting the inherent uncertainty and dependence will re-
sult in inaccuracies. Settlement is overestimated in low loading
levels and underestimated in high loading levels when the MP
methodology is not employed.

Similar works were conducted by Huffman and Stuedlein [97]
and Huffman et al. [88]. The former studied, from a reliability-
based point of view, the limit state design of spread footings on
aggregate pier reinforced clay. The latter, studied, again from
a reliability-based point of view, the immediate settlement of
spread footings on clays. These two works used copulas to model
the dependence between two power-law parameters, i.e. ¢ and d
from equation (27), in order to incorporate uncertainties into the
methodologies of study. We do not delve into these works, since
the use of copulas is quite similar to that employed by Uzielli
and Mayne [89, 90]. Readers are referred to Uzielli and Mayne
[89], Uzielli and Mayne [90], Huffman and Stuedlein [97] and
Huffman et al. [88] for further information.

On the other hand, several investigations that employ copula the-
ory have been applied to the pile load-displacement database
collected, organized, and categorized by Dithinde et al. [87].
The data was collected from various piling companies that op-
erate in the Southern Africa countries, and it was grouped into
four subsets of pile load tests, as follows: driven piles in non-
cohesive soils (D-NC), bored piles in non-cohesive soils (B-NC),
driven piles in cohesive soils (D-C), and bored piles in cohesive
soils (B-C). The sample size of each category of pile load test is
equal to 28, 30, 59 and 53, respectively. In addition to the load-
displacement data, the properties of the soil and the geometric
characteristics of the foundations are reported.

Dithinde et al. [87] demonstrated that the scatter in the origi-
nal load-displacement curves can be substantially reduced when
the applied load is normalized by the interpreted capacity of the
pile [see 94]. This procedure leads to normalized curves that can
be correctly fitted through the hyperbolic model. However, it is
worth noting that they do not normalize settlement measures, so
equation (26) is rewritten as

N

0= a-+bs

(28)

where Q is the normalized load, s the pile top displacement, and
a and b are curve fitting parameters.

Curve fitting parameters from equation (28), a and b can be in-
terpreted as the reciprocals of the initial slope and asymptotic
value of the normalized curves. The procedure to obtain the in-
terpreted capacity Q; is detailed in the work of Dithinde et al.



[87], where a conjugation of Chin’s extrapolation procedure [98]
and Davisson’s failure criterion [99] was employed.

After normalizing the applied load of the datasets, there is a
remaining model uncertainty that can be represented modeling
both curve fitting parameters. Particularly, ¢ and b parame-
ters of equation (28) are found to be mutually dependent and
independent of other variables.

Figure 9 presents scatter plots in the standard uniform space, for
each category of piles, after applying the transformation given by
the empirical distribution over the pile curve-fitting-parameters.
There is an evident negative trend between the two curve fitting
parameters for all categories of pile load tests. Thus, copulas that
model negative dependences have to be employed.
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Figure 9 Scatter plots of pile curve fitting parameters from the dataset of
Dithinde et al. [87] in the standard uniform space after applying the trans-
formation given by the empirical distribution. (a) D-NC, (b) B-NC, (¢) D-C,
(d) B-C.

Dithinde et al. [87] demonstrated the inherent dependence be-
tween a and b parameters of equation (28), and employed a
simple translation lognormal model to represent it, following the
procedures described by Phoon et al. [94, 100] or Phoon [101,
chapter 10]. On the other hand, Li et al. [95] modeled the de-
pendence between a and b using a Gaussian copula. Later, Li
et al. [37] conducted a comparison between not only two types
of Gaussian copulas (the one adjusted to data through a direct
computation of the Pearson’s rho coefficient and the one fitted to
data through Kendall’s tau coefficient) but also with other three
copulas capable of handling a wide range of negative depen-
dence, namely Plackett, Frank, and Nelsen No. 16. They used a
methodology to adjust copulas analogous to the one employed to
fit copulas for soil shear strength parameters of section 5.1.

In this section, an analogous modeling to that of Li et al. [37]
is performed in order to present some worth mentioning results
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and remarks, obtained from the dependence of the dataset of
Dithinde et al. [87]. In addition to the original four families of
copulas proposed by Li et al. [37], this work also includes the
Student-¢ copula in the analysis, following the recommendations
of Embrechts et al. [12]. Concerning the fitting parameters of the
Gaussian copula, only the Gaussian copula based on Kendall’s
tau will be taken into account, and not the one based on a direct
computation of Pearson’s rho. As stated by Li et al. [95, 37], the
Gaussian copula adjusted by Kendall’s tau coefficient performs
better than the Gaussian copula fitted by a directly computed
from data Pearson’s rho coefficient.

Table 11 presents the fitting parameters of the five different stud-
ied copulas. All the dependence parameters are defined through
the method of moments by relating Kendall’s tau and the copula
parameter of dependence. When there is no analytical solution of
the relation between Kendall’s tau and the copula parameter of
dependence, such as in the case of the Plackett copula, a numer-
ical approximation is applied over equation (15). On the other
hand, the second parameter of the Student-# copula corresponds
to the number of degrees of freedom, which is defined through a
maximum likelihood procedure using the available data.

Table 11 Fitting parameters of the studied copulas for the pile curve
fitting parameters.

Gaussian ~ Student-t Plackett  Frank Nelsen No 16
Pile Test ¢ 0;v %] 0 0
D-NC -0.806 -0.806; 1.97  0.048 -7.85 0.008
B-NC -0.924 -0.924; 1.50  0.015 -14.139  0.002
D-C -0.918 -0.918;3.50 0.016 -13.512  0.003
B-C -0.927 -0.927;2.29 0.014 -14.471  0.002

A graphical contrast between the measured and the simulated
data from all these copulas, for the driven piles in cohesive soils
dataset, is shown in figure 5.2. Following Li et al. [95, 37], a log-
normal marginal distributions are adopted for representing both
a and b parameter. Similar scatter plots can be obtained for the
other pile load test categories.

As stated in section 5.1, it is impossible to define the best-fit cop-
ula model by a simple visual inspection of the simulated data,
such as in the scatter plots of figure 5.2. For instance, the best-
fit copulas must be defined quantitatively based on some criteria.
For example, Li et al. [95, 37] employed the widely applied
AIC/BIC methodologies to determine the best-fit models. This
methodology is also adopted in this document. Then, AIC and
BIC coefficients are computed and presented in table 5.2 for all
the studied copulas and all the pile tests categories.

From table 5.2, there can be extracted some important observa-
tions worth mentioning. Firstly, note that although the dataset
is the same, there are some minor discrepancies between the
AIC/BIC values reported in this document and the ones reported
by Li et al. [37]. These minor discrepancies are due to the num-
ber of decimals employed for the computation of the AIC/BIC
values. Nonetheless, these minor discrepancies do no have a rel-
evant impact on the final results since the same best-fit copulas
are obtained.

Second, observe in table 5.2 that AIC/BIC values in bold high-
light the best-fit copulas. Although both selection criteria mostly
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Table 1% AIC and BIC values Gaussian Student-¢ Plackett Frank Nelsen No 16
for the different studied Pile Test
copulas. AIC BIC AIC BIC AIC BIC AIC BIC AIC BIC
D-NC -26.07 -24.73 -2633 -23.67 -23.32 -2199 -22.03 -20.70 -16.28 -14.95
B-NC -42.00 -40.60 -50.60 -47.80 -49.98 -48.58 -42.99 -41.59 -4423 -42.83
D-C -81.64 -79.56 -8693 -82.78 -90.27 -88.20 -90.04 -87.96 -83.62 -81.54
B-C -73.94  -7197 -87.83 -83.89 -88.97 -87.00 -81.79 -79.81 -84.83 -82.86

Values in bold highlight the best-fit copulas

agree in the determination of the best-fit copula, there are some
cases where they disagree. Particularly, this situation is evident in
the copula definition of the D-NC and B-NC datasets, and most
specifically concerning the Student-¢ copula.

While the AIC defines the Student-f copula as the best-fit one
for the D-NC and B-NC datasets, the BIC defines the Gaussian
and the Plackett copulas, respectively. These discrepancies are
due to the number of parameters of the Student-¢ copula, and to
the penalty that the BIC assigns to it. BIC penalty for the num-
ber of model parameters is greater than the one of AIC. Then,
taking into account that the Student-f copula is a two-parameter
copula, its penalization in the BIC is higher. In this way, as the
adjustment of the Student-#, Gaussian, and Plackett copulas are
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quite similar for these two datasets, a greater penalty may lead to
changes in the best-fit copula selection, as it happens in this case.

Third, observe from table 5.2 that, for the same dataset, some
AIC values from different copulas are quite close, likewise some
BIC values. Specifically, this is evident for the Student-f copula
and Gaussian copula from the D-NC dataset, Student-¢ copula
and Plackett copula from the B-NC dataset, or the Plackett copula
and Frank Copula from the D-C dataset. These close values indi-
cate that both copulas may be suitable for modeling the dataset
since their adjustment is quite similar. As stated by Li et al. [37],
for the D-C dataset case where the Plackett copula is defined as
the best-fit copula, Frank copula may be also a suitable copula
for modeling the dependence between a and b parameters. In this
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Figure 11 Hyperbolic curves of driven piles in noncohesive soils (D-NC). (a) measured, (b) simulated from a Gaussian copula, (c) simulated without
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Figure 12 Hyperbolic curves of bored piles in noncohesive soils (B-NC). (a) measured, (b) simulated from a Plackett copula, (c) simulated without

dependence

sense, when the discrepancies between AIC/BIC values of two
copulas are quite small, no major differences are expected in their
behavior when modeling dependence between random variables.

To be in concordance with Li et al. [37], the same best-fit copulas
will be adopted in this work since this change does not have a
major impact on the final curves.

Now, it is interesting to show a graphical comparison among
the measured, simulated from the best-fit copula, and simulated
without dependence, hyperbolic curves. Figure 11 shows the
curves for the D-NC dataset, figure 12 for the B-NC dataset,
figure 13 for the D-C dataset and figure 14 for the B-C dataset.
Similar comparatives were performed by Dithinde et al. [87], Li
et al. [95, 37].

Similarities between measured and simulated with dependence
hyperbolic curves are evident. Unlike assuming independence
between a and b parameters of equation (28), copula theory can
adequately represent their dependence and capture the remaining
scatter of the normalized hyperbolic curves. In this way, copula
theory demonstrates to be a suitable tool when capturing model
uncertainty of normalized pile load-displacement curves. This
applicability could be evaluated and extended to other types of
geotechnical models where there may be dependence between
the fitted parameters.

Nonetheless, it is worth mentioning that since the work con-
ducted by Dithinde et al. [87] the lognormal probability function
has been adopted to represent both curve fitting parameters, a
and b, without having evaluated other PDF. This assumption was
replicated without validation by Li et al. [95], and later by Li
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et al. [37]. Therefore, other univariate probability distributions
have not been evaluated till the moment to model these two pa-
rameters. In this regard, Li et al. [102] demonstrated that other
univariate probability distributions, different from the lognormal,
such as Weibull or Gumbel truncated below zero distributions,
are more suitable to represent the two hyperbolic curve fitting pa-
rameters of equation (26) or (27) in most cases. In this sense, by
evaluating other marginal distributions, simulated curves of the
figures 11, 12, 13, and 14, can get a better approximation to the
measured data.

5.3 Geotechnical earthquake parameters

Earthquakes are one of the most destructive forces in nature and
have a direct impact on civil structures and human life, so it
is important to adequately characterize their properties in order
to consider them in designs. From the geotechnical perspec-
tive, several ground motion parameters (GMP) have been docu-
mented, studied, and measured. Examples are peak ground ac-
celeration (PGA), peak ground velocity (PGV), pseudo-spectral
acceleration (PSA), cumulative absolute velocity (CAV), among
others [see 103, for more details].

Furthermore, it is common in practice to employ a ground mo-
tion prediction equation (GMPE) in order to predict peak ground
motions parameters and response spectra of an earthquake, as
functions of its magnitude, distance, and other properties. As
noted by Cornell [104] and McGuire [105], GMPEs are criti-
cal elements when conducting probabilistic seismic hazard and
risk analysis. Thus, quite a few GMPEs have been developed for
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Figure 14 Hyperbolic curves of bored piles in cohesive soils (B-C). (a) measured, (b) simulated from a Plackett copula, (c) simulated without dependence

different seismic regions and different GMPs, such as the PGA, model is not the only dependence structure available, and indeed
PSA, CAY, etc. it may not be the most adequate, so other dependence structures

L . . have to be assessed.
In practice, it is common to independently predict the GMPs

using GMPEs, and to assume that the GMPs are lognormally Although the importance of copula theory to model GMPs is

distributed [106]. That is to say, from the same seismic event, evident, its use has been not so popular. One of the pioneer-
each GMP has its respective equation and the resulting parame- ing works was presented by Goda and Atkinson [106], where
ters are assumed to follow a lognormal probability distribution. dependence between PGA and PSA parameters was studied for

Nonetheless, a single GMP is not sufficient to correctly represent different vibration periods, employing copula theory. At the same
the behavior of ground motions, so multiple GMPs are needed time, Goda and Atkinson [106] validated the conventional ap-
to capture different features of an earthquake [107]. Addition- proach, i.e., to fit lognormal distributions to the GMPs and to
ally, given that the GMPs have a common source, attenuation and characterize their dependence through a linear correlation co-
site attributes, these GMPs are indeed interrelated, and therefore, efficient, by comparing it to the approach of copula theory.
cannot be modeled as independent entities [106]. They employed a strong-ground-motion database, obtained from
the Pacific Earthquake Engineering Research-Next Generation
Attenuation of ground motions (PEER-NGA). Two elliptical
copulas were initially considered, namely the Normal copula
and the Student-¢ copula. [106] demonstrates through lognormal-
probability-papers [20] and the AIC, that the lognormal prob-
ability distribution is suitable as the marginal distribution for
both parameters, and also that the Normal copula is appropriate
to represent their dependence. Furthermore, Goda and Atkinson
[106] emphasizes in the benefits of using Kendall’s tau coeffi-
cient to compute Pearson’s rho through equation (14), instead of
directly calculating Pearson’s rho correlation coefficient. In this
way, although the two-step approach was validated from the cop-
Disadvantages regarding linear correlation coefficients, and ula perspective, the benefits of using Kendall’s tau coefficient are
specifically Pearson’s rho correlation coefficient, have already highlighted.

been exposed in this document. Furthermore, the multivariate
normal distribution has been commonly employed for represent-
ing the dependence of multivariate ground-motion parameters
[106]. From copula theory viewpoint, the multivariate normal

In this sense, attempts have been made to characterize correlation
among some GMPs. For this purpose, early works such as the one
conducted by Baker and Cornell [108] have employed the pop-
ular linear correlation coefficient. The application of Pearson’s
rho correlation coefficient was to be expected, given its simplic-
ity and popularity, so several works have also employed it. For
instance, the linear correlation among the spectral acceleration
(SA), Arias intensity (Al), and PGA, was studied by Baker [109],
while the linear correlation between the SA values at different
periods of vibration was studied by Baker and Jayaram [110],
Goda and Hong [111] and Goda and Atkinson [112].

Another work in this framework was conducted by Xu et al.
[107], in which the PGA and CAV ground motion parameters
are studied and modeled as dependent parameters through copula
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theory. For this purpose, the Taiwan Strong Motion Instrumen-
tation Program database was employed, and unlike Goda and
Atkinson [106], several marginals distributions and copulas were
evaluated. However, Xu et al. [107] came to a similar conclu-
sion to that of Goda and Atkinson [106], since it was found that
the lognormal distribution is suitable as the marginal distribution
for the GMPs and their dependence can be represented through
a Gaussian copula. Thus, both studies validate the common
two-step approach for their respective GMPs and database.

Additionally, Xu et al. [107] also constructed a copula model
subject to a given magnitude and distance from a seismic event,
using GMPEs for both PGA and CAV parameters. Normal-
ized residuals between the predicted PGA and CAV parameters
subject to a given magnitude and distance were also modeled
through copula theory. Again, Gaussian copula and the lognor-
mal distribution were also found suitable to model residuals of
the PGA and CAV parameters, which is in concordance with the
commonly used two-step approach.

More recently, Cheng et al. [113] employed the vine copula the-
ory to generate a multivariate joint probability function of ground
pseudo-spectral accelerations at different vibrations periods. The
advantages of using vine copulas for the model were evident.
Vine copulas not only better capture the multivariate dependence,
but also manages to capture tail dependence between pairs of
variables. The methodology proposed by Cheng et al. [113] per-
forms much better than the commonly employed multivariate
normal distribution.

Finally, it is worth mentioning that the studies of ground-motion-
parameters are characterized by having a substantial amount of
data. It has already shown that the amount of data when studying
shear strength parameters or settlement measures is commonly
scarce; indeed, just on unusual occasions this amount of data ex-
ceeds a hundred. However, this is not the case of the GMPs, since
in recent years the interest in earthquakes has grown by engi-
neers, researchers, and especially, governments. For this reason,
several programs around the world have been implemented to
measure data related to GMPs in real-time, which allows having
a large amount of information. One good example is the labor
conducted by the Pacific Earthquake Engineering Research Cen-
ter, where a large amount of geotechnical information (and of
different kinds) on earthquakes has been compiled, analyzed and
shared.

5.4 Soil spatial modeling

Variability soils and rocks is evident and cannot be neglected. In
fact, their properties may vary significantly, even for the same
deposit. This variability is derived from different internal and ex-
ternal agents such as the deposition, post-deposition, weathering
processes, anthropic actions, etc [114]. Thus, as it is impossible
to exactly know the soil or rock properties in every single point
of a deposit (or domain, mathematically speaking), and there will
be intrinsic uncertainties associated with their characterization.
So, it becomes mandatory to model soil or rock spatial variabil-
ity and predict their properties to obtain a better description of
their behavior under different circumstances.

Several methodologies are found in the literature for character-
izing the spatial variability of materials, in this case soils or
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rocks. Nonetheless, not all these methodologies include the de-
pendence among soil-rock parameters in their predictions, so
they assume independence or in the best case a Gaussian depen-
dence structure. Most recently, the applicability of copula theory
for modeling spatial variability with dependent parameters has
been evaluated by some pioneering works. The present section
aims to review these particular methodologies and the role that
copulas have performed.

Random field theory [see, e.g., 115] constitutes one of the most
comprehensive and popular methodologies applied for studying
spatial fluctuation of material properties, such as the ones of soils
and rocks. Succinctly, a random field is a function that defines
random quantities of some variables over an arbitrary domain,
which can be a multi-dimensional space. Thus, a random field
is a function of the form H(x,®), which associates a random
quantity with a continuous index x € X, and a coordinate @ in the
sample space Q. Note that X € R?, ford € {1,2,3}, is a bounded
domain that represents the physical space.

Regarding dependence in the theory of random fields, two main
types of correlations among variables are defined, namely the
cross-correlation and the auto-correlation. The former describes
the relationship between values of two (or more) random vari-
ables at the same point of the physical domain X. The latter
describes the relationship among values of one random variable
at two different locations in the domain X. Accordingly, ob-
serve that based on these definitions the dependence between
shear strength parameters modeled in section 5.1 corresponds to
a cross-correlation dependence.

Commonly, cross-correlation in geotechnical random fields is ei-
ther obviated or taken into account through a cross-correlation
matrix M., where each term represent the correlation coefficient
between the random variables. However, the importance of de-
pendence has been elucidated in previous sections, so assuming
independence may be misleading and lead to mistakes. Further-
more, cross-correlation matrices M, have regularly implied the
use of the Pearson’s rho correlation coefficient and so, the mul-
tivariate Gaussian distribution. As noted by Zhu et al. [114]
and Wang et al. [116], the independence assumption or a cross-
correlation given by a Gaussian distribution leads to mistakes.
So, it is necessary to evaluate different structures of dependence
for modeling cross-correlated random fields, and copula theory
shows to be suitable for this purpose.

After identifying these gaps, Zhu et al. [114] proposed a new
methodology based on copula theory to deal with the cross-
correlation dependence among variables in geotechnical random
fields. In the first instance, this early work generates independent
multivariate anisotropic random fields through auto-correlation
coefficients p; obtained by a formulation of an elliptical scale of
fluctuation. These auto-correlation coefficients serve to create an
auto-correlation matrix M,, whereby some transformations, like
the Cholesky decomposition, generate an independent random
field.

Consequently, Zhu et al. [114] proposed some procedures to
transform the originally independent random field into a cross-
correlated random field that follows the dependence structure of
a given copula. Specifically, they incorporated the dependence



structure of the Gaussian, Student-#, Clayton, and Frank copu-
las into the cross-correlated random fields. The study performed
a comparison between a copula-based cross-correlated random
field of liquid limit, plasticity index and natural moisture content,
and the original dataset of the same parameters. As a result of
this comparison, Zhu et al. [114] validated the proposed method-
ology since the statistics of both agree and, after the calibration,
the copula-based cross-correlated random field generates a good
representation of reality.

Finally, Zhu et al. [114] also studied some incidences of the de-
pendence parameter and type of selected copula over the final
random fields. However, the scope this work is rather limited, so
other studies complement it. Wang et al. [116] further studied the
incidences of copulas over the probabilities of failure of a ho-
mogeneous slope, under different conditions, modeled through
the copula-based cross-correlated random field proposed by Zhu
et al. [114]. In this sense, Wang et al. [116] employs the subset
simulation algorithm [117] to estimate the slope probabilities of
failure by varying the copula selection, covariance of marginal
distributions, the scale of fluctuation of the random field, and the
cross-correlation coefficient.

Further details about the incidence of copulas in the final proba-
bility of failure of geotechnical structures are exposed in section
7. For the moment, what is truly important in this section is
to highlight that cross-correlation plays a crucial role when
modeling soil spatial properties.

Now, regarding the auto-correlation in the theory of geotechnical
random fields, a new approach for its modeling based on copula
theory was recently proposed by Wang and Li [118]. Note that
auto-correlation is a different dependence concept from those
studied so far in this document. Auto-correlation dependence is
expected to be almost perfect for quite close points in the ran-
dom field domain but simultaneously approaches zero for distant
locations. In this sense, a copula parameter of dependence will
be variable on the domain, and the selected copulas must be
able to model from almost perfect dependences to almost null
dependences.

The auto-correlation dependence structure of random fields has
commonly been based on the assumption of gaussianity. How-
ever, this assumption is not always verified, and in the light of
copula theory, Gaussian dependence is not the only option. Thus,
Wang and Li [118] evaluated the use of different dependence
structures for a one dimensional random field, supported on cop-
ula theory. To this end they employed several copulas, including
vine copulas.

Wang and Li [118] emphasizes that the use of different depen-
dence structures has a strong impact on the random field, except
when this last one is highly ragged or highly smooth. Thus, a cor-
rect characterization and selection of the dependence structure
(copula) is highly important when representing auto-correlation
of a random field. Additionally, as the copula dependence pa-
rameters vary on the domain, candidate copulas to represent the
auto-correlation dependence must be able to handle a wide range
of dependence values, such as the comprehensive copulas [118].

On the other hand, there are some methodologies worth mention-
ing related to the approaches of geospatial interpolation, such as
the kriging prediction method. The majority of these approaches
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are based on some assumptions, such as a Gaussian depen-
dence structure given by a variogram. However, this particular
assumption has to be validated since it may not be an accurate
representation of reality and leads to mistakes, as stated before.

Some pioneering works have explored the use of copulas in this
regard. For example, Marchant et al. [119] employed a Gaussian
copula with generalized extreme value marginal distributions to
spatially model observations of soil cadmium concentrations,
whose dataset exhibits outliers and tails. On the other hand,
Kazianka and Pilz [120] proposed three methodologies based
on the kriging approach and copula theory to model a strongly
skewed soil radioactivity measurements. They demonstrated that
the proposed methodologies generalize some of those already
existing in the state-of-the-art. Later, Kazianka and Pilz [121]
employed a Bayesian spatial interpolation method, in conjunc-
tion with copula theory, to model the same dataset employed
in Kazianka and Pilz [120], also exploring incidences of the
uncertainties in fitting parameters.

There are other studies in the literature regarding the use of cop-
ulas in geospatial interpolation. An exposition of these works is
out of the scope of this document, taking into account that their
framework moves away from the geotechnical context. How-
ever, it is worth mentioning that a general observation of these
studies is the transcendence of the dependence structure when
interpolating geospatially. Outliers and skewness are common
in geostatistics datasets, so their dependence structures are not
correctly captured by the assumption of Gaussianity. Thus, it is
necessary to evaluate other dependence structures, and copula
theory is especially suitable for this end.

Finally, it is worth highlighting that the use of copulas in the
modeling of soil spatial properties has not widely been stud-
ied, and further investigations must be carried out in this regard.
Particularly, in the case of random fields, there are gaps in the
state-of-the-art that can be explored through copula theory. For
example, the auto-correlation in two or more dimensions con-
sidering copulas can be studied, or the implementation of the
auto-correlation and cross-correlation in random fields, each one
represented by copulas.

5.5 Other uses of copulas in geotechnics

Copulas have been mostly employed in geotechnical engineer-
ing to model some types of dependence such as the one of
shear strength parameters (section 5.1), settlement parameters
(section 5.2), GMP (section 5.3) or spatial interpolation (section
5.4). However, there have been other applications of copulas in
geotechnics that have not been as widely explored, and that will
be mentioned in the following.

5.5.1 Landslide hazard assessments

Motamedi and Liang [122] evaluated the applicability of copulas
for performing landslides hazard assessments in a regional scale.
These assessments are characterized by three elements, namely
magnitude M, frequency 7 and location (also called suscepti-
bility) S. Assuming that these three elements are independent
variables, which is the common practice, the following equation



for hazard assessments is obtained [122]:

H=P(M)P(T)P(S) (29)
where H is the landslide hazard, P(M) is the probability of
a landslide magnitude, P(T) is the probability of a landslide
recurrence, and P(S) is the susceptibility or spatial probability.

Using a recorded landslide dataset at the Western Seattle area,
Motamedi and Liang [122] validated instead the following
equation:

H = P(T)P(MNS)

in which 7T is modeled as an independent variable, but in turn M
and S are modeled as dependent variables through the theory of
copulas.

Motamedi and Liang [122] evaluated a total of 14 families of
copulas for the modeling of the dependence between M as S.
They found that for this dataset the Gumbel copula bests repre-
sents the structure of dependence between M and S. Furthermore,
they performed a contrast between the results of the proposed
methodology and the ones from equation (29), thus finding that
the proposed approach makes a better representation of real-
ity. Dependence, and hence copula theory, is suitable and even
necessary in landslide hazard assessment on a regional scale
[122].

5.5.2 Earthquake early warning

Earthquake early warning (EEW) methodologies aim to detect
earthquakes as soon as possible in order to disseminate alerts and
prevent people before the peak ground motion arrival. For this
purpose, the relationship between soil early motions (SEM) and
peak ground motions (PGM) must be defined.

Nonetheless, there are uncertainties in this relationship, which
lead to missed or false alarms. Missed alarms are defined as the
event of SEM less than a prescribed threshold, but PGM greater
than a triggering threshold. On the other hand, false alarms are
defined as the event of SEM greater than a prescribed threshold,
while the PGM is smaller than a triggering threshold.

Looking to model these uncertainties, Wang et al. [123] em-
ployed a dataset of peak ground displacements within the first
three seconds after P-waves arrives (as SEM parameter) and peak
ground velocities (as PGM parameter), which are hereinafter
referred to as PD3 and PGV, respectively. They evaluated six
copula function to model the dependence between these two pa-
rameters, and found in the Frank copula its best representation.
Thus, this copula was calibrated from the dataset, and it was used
to quantify the probability of missed and false alarms.

This copula model was compared with the conventional ap-
proach, which assumes independence between the parameters,
and a better fit to the dataset and better results were found. In this
way, taking into account the dependence between PD3 and PGV,
Wang et al. [123] showed that the probabilistic model of these
two variables can be better characterized.

Additionally, Wang et al. [123] proposed a copula-based method-
ology to optimize the selection of the triggering PDs3, thus
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reducing the probability of missed alarms (PGV greater than the
threshold) and false alarms (PGV less than the threshold). It is
worth noting that, although it has not been yet done, this method-
ology could be extended to other types of geotechnical early
warnings, such as the ones of debris flows or landslides.

5.5.3 Studies on sample size

Tang et al. [75] studied the impact of the sample size on the un-
certainties in the definition of probabilistic geotechnical models.
They assumed a true probabilistic model, which consists of a bi-
variate copula with two marginal distributions. From this model
several samples of different size were drawn. For each sample
size, a set of marginal distributions and copulas are fitted to data
and the best-fit marginal/copula functions were defined through
the AIC methodology. Variation of the fitting parameters of each
model are studied, and since the true model is known, it is pos-
sible to compare it with those models defined on each sample
size.

As expected, the larger sample size the greater the probability of
selecting the true copulas, marginal distributions, and their pa-
rameters of adjustment. Furthermore, Tang et al. [75] also found
that the correlation coefficient has a great impact on the selection
of the correct copula model. The stronger the dependence, the
smaller the amount of data needed to correctly select true copula
model, and vice versa, i.e. the weaker the dependence, the larger
amount of data will be needed.

Furthermore, Tang et al. [75] pointed out that another useful way
to select the best copula and marginal distributions, for a dataset,
is by comparing the variation of their AIC scores. As they pointed
out, the best copula and best marginal distributions have less vari-
ation in their AIC scores. In order to obtain the AIC scores of the
evaluated probabilistic models, and hence their variation, Tang
et al. [75] recommended the use of the Bootstrap method [see,
e.g., 124].

6 Uncertainties in the construction and
definition of copula for geotechnical
variables

It is quite unusual in geotechnical engineering to have a large
amount of data to characterize soil and rock materials; thus, it is
theoretically impossible to determine true probabilistic models.
For this reason, in many cases, the statistics and models obtained
from a sample, usually small, are assumed as obtained from
populations. This assumption leads to uncertainties in modeling,
which will be a function of the quantity and quality of informa-
tion. These uncertainties have a direct impact on the veracity of
the model and its results, such as the probability of failure.

Dealing with these uncertainties is not a trivial task, specially
when the information is scarce. In any case, when it is not
possible to reduce uncertainty, by collecting more and better in-
formation, a good practice is to characterize this uncertainty.
Several investigations have been carried out with the aim of char-
acterizing uncertainty when constructing and selecting copula
models that represent dependence among geotechnical random
variables. An example of these methodologies is the work of



Tang et al. [75], who studied of the impact of sample size in the
copula model definition.

In this section, we will study the work of Li et al. [102], who
proposes an interesting methodology for characterizing model
uncertainty in the construction and definition of multivariate
probability models when the information is scarce. This method-
ology focuses on the characterization of uncertainty for the
different probabilistic models employed by Li et al. [37] for rep-
resenting the pile load-displacement datasets of Dithinde et al.
[87]. Recall that the works of Dithinde et al. [87] and Li et al.
[37] were already introduced in section 5.2. Furthermore, it is
worth mentioning that the procedures and remarks of this section
can be extended to other examples of dependence of geotechnical
random variables when the information is scarse.

For this purpose, the bootstrap method [124] was employed by
Li et al. [102] for studying uncertainties in both copulas and
marginal distributions. Bootstrap method belongs to the so-called
resampling techniques, which are useful for deriving sampling
distributions of statistics from the measured data.

Briefly, the idea behind the bootstrap method consists of creating
N; sets of bootstrap samples with the same sample size N of the
original dataset. Each bootstrap sample is constructed by random
sampling with replacements from the original dataset; that is to
say, every single observation can appear once, more than once,
or not at all. For each bootstrap sample, estimates such as the
mean, standard deviation, copula parameter of dependence, and
even AIC/BIC values, are computed. After obtaining all values
of the desired measure, every estimative can be associated with a
sampling distribution, which represents its uncertainty. Readers
are referred to Most and Knabe [125] and Luo et al. [126] for
additional applications of the bootstrap method in geotechnical
engineering.

According to Li et al. [102], there are two kinds of uncertainty
when constructing copula models: one related to the adjustment
of the parameters of the marginal distributions and copulas, and
another related to the definition of the best-fit marginal distribu-
tion and copula function. Li et al. [102] employed the bootstrap
method to characterize the uncertainty of the sample statistics
of the marginal distributions for different pile load-displacement
databases, i.e. mean and standard deviation. Furthermore, this
work also characterizes, through the bootstrap method, the un-
certainty in the AIC scores when defining the best-fit models for
both marginal distributions and copulas.

Uncertainty in the copula dependence parameter was mentioned,
but not explicitly studied, by Li et al. [102]. Therefore, this un-
certainty will be explored in this document for illustration of
the bootstrap procedure and in order to complement the origi-
nal work of Li et al. [102]. In this way, the database of Dithinde
et al. [87] is adopted for adjusting a set of copulas and to conduct
a bootstrap procedure in order to characterize the uncertainty in
the definition of the fitting parameters of these copulas. The cop-
ulas to be used in this procedure will be the Gaussian, Plackett,
Frank and Nelsen No. 16.

Note that the Student-f copula is not included in the analysis
since, by employing the method of moments for the adjustment,
its parameter of dependence is the same as the Gaussian copula.
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Therefore, results obtained for the Student-¢ copula would be the
same of those of the Gaussian copula.

As recommended by Most and Knabe [125] and Luo et al. [126],
N; = 10000 is adopted in the bootstrap procedure conducted for
the evaluation of the uncertainties in the dependence parameter
of each copula. For each bootstrap sample, copula dependence
parameters are computed by the method of moments, i.e., em-
ploying respective Kendall’s tau coefficient and equation (15) or
the corresponding simplifications exposed in section 4.4. So, at
the end of the procedure there will be 10000 estimations of the
dependence parameters to construct every sampling distribution.

Resulting sampling distributions for the parameters of depen-
dence of this example can be observed in figure 6, where each
graph corresponds to a copula, and each curve to a pile test cat-
egory. Statistics from the estimated distributions are computed
and summarized in table 6.

From figure 6 and table 6 some important remarks can be ex-
tracted. Firstly, by comparing tables 11 and 6, it is concluded
that the bootstrap mean estimates of copula parameters of de-
pendence are quite similar to those obtained from the original
dataset. This fact indicates that distributions obtained through the
bootstrap method can appropriately capture the characteristics of
the data set.

Additionally, it is evident that the larger the dataset, the lower
the dispersion of the models. This fact is noticeable by compar-
ing, in figure 6, the curves of the D-NC data set (28 samples),
with the ones of the D-C dataset (59 samples). Furthermore,
these comparisons are quantified in table 6 where the coefficient
of variation C.O.V. of the sampling distributions is higher when
the dataset is smaller. Thus, the highest C.O.V. corresponds to
the D-NC dataset, and the B-NC, B-C, and D-C data sets fol-
low in order, which coincides with the amount of information of
each pile load-displacement test. Therefore, this fact constitutes
a motivation to collect more information, in order to obtain more
accurate results.

On the other hand, uncertainty when selecting the best-fit
marginal/copula models was also studied by Li et al. [102]
through the computation of the AIC values for each copula in
each pile dataset. It is interesting summarize some of these re-
sults here. Again, using Ny = 10000, a bootstrap procedure over
the dataset of Dithinde et al. [87] is conducted. For each boot-
strap sample, AIC scores for each copula are computed and the
corresponding best-fit copula is defined. So, there will be 10000
AIC scores for each copula and 10000 best-fit copulas for each
load-displacement test at the end of the procedure.

Figure 6 presents the sampling distribution of the AIC values for
different copulas and pile tests. Additionally, table 14 contains
the number of times that each copula is identified as the best-fit
copula for each pile test.

Figure 6 demonstrates that the bootstrap mean estimates of the
AIC scores match well with those values obtained from the orig-
inal dataset. However, AIC bootstrap sampling distributions for
each copula are broad, which means that there may be large
uncertainties when identifying the best-fit copula to represent
the dependence between a and b parameters. Again, uncertain-
ties (which are related to coefficients of variation C.O.V. values)
are a function of the amount of data. Thus, the more available



Figure 15 Sampling distribu-

tions for the parameters of de-
pendence of different copulas
and for the different pile tests
of Dithinde et al. [87]. (a)
Gaussian copula, (b) Plackett
copula, (c) Frank copula, and
(d) Nelsen No 16 Copula
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Table 13 Mean and -
coefficient of variation C.O.V. . Gaussian Plackett Frank No 16
from the obtained sampling PileTest N
distributions for the copula Mean C.O.V. Mean C.0.V. Mean C.O.V. Mean C.O.V.
dependence parameters in the
different pile tests of Dithinde D-NC 28 -0.795 0.135 0.068 0.797 -8.643 0.395 0.010 0.842
etal. [87]. B-NC 30 -0914 0.068 0.029 0.961 -16.720 0.519 0.003 0.992

D-C 59 -0916 0.030 0.017 0418 -13.964 0.200 0.003 0.402

B-C 53 -0.923 0.040 0.020 0.583 -15.408 0.291 0.003  0.600

Table 14 Number of times that each copula is defined as the best fit
copula for each pile test category

Pile test  Gaussian  Student-r  Plackett Frank No 16
D-NC 5511 3610 750 48 81
B-NC 1600 3216 4204 364 616
D-C 861 1470 3327 4207 135
B-C 390 2188 5589 222 1611

Values in bold highlight the copulas selected the most
times as best-fit copulas

information, the smaller coefficient of variation and the lower
uncertainty.
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Table 14 shows that no copula can be identified as the best-fit
copula with total certainty, that is to say, with a probability of
one or almost one. There are copulas with a higher probability of
being the best-fit copula, such as the Gaussian in the D-NC pile
test, the Plackett in the B-NC and B-C pile tests, or the Frank in
the D-C pile test. However, there is no total certainty in the cop-
ula selection, and therefore this uncertainty must be considered
in the models.

Additionally, note from table 14 that copulas with a major proba-
bility of being the best-fit copula mostly agree with those defined
in table 5.2. However, interestingly this is not the case of the D-
C pile dataset, where Frank copula has the major probability of
being the best-fit copula. Li et al. [37] pointed out that the Frank
copula, instead of the Plackett copula, may also be suitable to



Figure 16 AIC probability

density functions of different 0.06 0.035
copulas for different piles. — Gaussian — Gaussian
(2) D-NC dataset, (b) B-NC Z 0.05 4 —_ Dmdentt 20,030 1 — Duudentt
dataset, (c) D-C dataset, and 3] — F:Cke k3] — :Cke
C: ran :1 i ran
(d) B-C dataset E 0.04 4 No. 16 £ 0.025 No. 16
z ey
g 'z 0.020
< 0.03 1 o)
e e
= = 0.015 A
= 0.02 =
2 < 0.010 A
V- 2
& 0017 & 0.005 1 /
000 T T T T 0000 T T T T T
—60 —40 -20 0 20 —-100 —80 —60 —40 —-20 O 20
AIC score AIC score
(c) (d)
0.035 0.035
= Gaussian — Gaussian
o i = Student-t =1 i = Student-t
-E 0.030 = Plackett 8 0.030 = Plackett
g = Frank 8 = Frank
£ 0.025 1 No. 16 £ 0.025 1 No. 16
ey =
‘% 0.020 ‘% 0.020
=} =
< 5
= 0.015 1 = 0.015 1
2 0.010 g 0.010 -
: : /
A, 0.005 1 A, 0.005 H
0000 T T 0000 T T T
—150 —100 —50 0 —150 —100 —-50 0
AIC score AIC score

model the D-C dataset, and this fact is verified by this bootstrap
procedure of the present section. Thus, the bootstrap method also
demonstrates to be quite useful to define best-fit copula by taking
into account model selection uncertainties.

Li et al. [102] emphasizes the importance of the bootstrap
method to perform reliable judgments when selecting best-fit
copulas, especially when the sample size is small, and therefore
the uncertainties large. Uncertainties must be incorporated on the
selection of the best-fit copulas and the estimation of model pa-
rameters. Hence, the bootstrap method proves to be an adequate
tool.

Finally, it is worth mentioning again that although the work
conducted by Li et al. [102] is applied to the database col-
lected by Dithinde et al. [87], it could also be extended to other
geotechnical parameters. Concepts of model uncertainties are
quite general, and so also the results presented in this section.

7 Reliability analysis of geotechnical
models considering dependence
through copula theory

Copulas have been employed in the reliability analysis of dif-
ferent geotechnical structures and models. Some examples are
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infinite slopes [82, 83], slopes with a circular failure mechanism
[74, 76], foundations [82, 77], rock wedge slopes [80], retain-
ing walls [85, 35, 80], among others. However, even though all
these studies employ copulas, and indeed have several similari-
ties, they have different methodologies and scopes that nurture
the state-of-the-art.

This section presents the most crucial remarks and findings in
this framework so far. Some examples and graphs will be repli-
cated to highlight some cornerstones in the reliability analysis
using copulas in geotechnical engineering.

Let us recall that a probability of failure Py, can be understood
as the probability of exceeding a given threshold or limit state,
which leads to unwanted behaviors or instability. Mathematically
speaking, the probability of failure is defined as the probability
measure of a failure domain {x € R¢: g(x) <0}, which is de-
limited by a limit state function g : R — R. Some examples of
limit state functions are: g(x) = F.S(x) — 1.0, where FS is the fac-
tor of safety, or g(x) = R(x) — S(x), where R are the resistance
forces and S the applied forces.



In a general case, the probability of failure can expressed through
the Stieltjes integral:

P = [ Te) < Oy (v):

where Fy is the joint CDF of the vector of random variables x €
RY; when the associated joint PDF fy exists, this last expression
reduces to

b= [ e

here I represents the indicator function.

) < 0] fx (x)dx (30

In a bivariate case, and considering that the random variables
of the model are the shear strength parameters of the Mohr-
Coulomb failure criterion, i.e., cohesion and friction angle, the
probability of failure of the geotechnical model can be expressed
as:

e[ st

where f(c,9) is the bivariate probability density function of
cohesion and friction angle.

9) <0]f(c,9)dcdg

7.1 The copula based sampling and copula
direct integration methods.

In order to conduct reliability analysis, considering dependence
through copula theory, two major procedures have to be con-
ducted. First, it is necessary to define the random variables
involved in the geotechnical system, evaluate their dependence,
and construct the multivariate probability distribution using cop-
ulas. Details of these procedures are shown in section 4, and
examples are presented in section 5. Second, a methodology
must be employed to compute the probability of failure of the
geotechnical model in order to assess its reliability.

There exist several methodologies in the literature to address
this second step. Some of them are direct integration, transfor-
mations, or simulations. Each one of these alternatives has its
particularities, advantages, and disadvantages. For instance, di-
rect integration is accurate but may be unfeasible in very high
dimensions or in very complex models, meanwhile simulation
can be employed for complex and high dimensional models, but
may be too computationally expensive when the probability of
failure is low, and inaccurate when the number of simulations is
not enough.

In the state of the art, two main techniques are used to es-
timate the probability of failure of geotechnical models when
dependence through copula theory is considered: the direct in-
tegration method and the Monte-Carlo simulation. It is worth
mentioning that these techniques have been renamed by some
works as the copula direct integration method (CDIM) [see, e.g.,
85, 73, 74] and the copula based sampling method (CBSM) [see,
e.g., 76, 77, 127], respectively.
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7.1.1 Direct integration method in copulas

When the random variables of the model are just soil cohesion ¢
and friction angle ¢, and its structure of dependence is given by
a copula C, equation (30) can be expressed through the following
Riemann-Stieltjes integral, as:

= [l

[0,1]

F( D), Fy )) go] dc(u,v), 31)

where Fc<71> and F\ ™" denote the pseudo inverses of the CDFs
of ¢ and @, respectively.

If C is sufficiently differentiable and the copula density function
c exists, then equation (3) can be replaced in equation (31), and
hence, the latter can be rewritten as:

Pf—//ﬂ (c,9) < 01£elC)fo(9)c(Fu(c) Fo(9)) dedd.  (32)

This methodology was initially applied in geotechnics by Tang
et al. [85] for the reliability analysis of an infinite slope and a
retaining wall. Subsequently, other works such as the ones con-
ducted by Phoon and Ching [35], Tang et al. [73] or Xu et al.
[74] have employed it, also in a geotechnical context. Its concept
is quite straightforward and can be applied in many geotechnical
models. However, the direct integration method has some limi-
tations related to the complexity of the model or the number of
random variables.

Although equation (32) expresses exactly the probability of
failure, its evaluation might be complicated, specially in high di-
mensions (d > 5). In that case, it is better to resort to simulation
methods.

7.1.2 Monte Carlo Simulation in copulas

Monte Carlo Simulation (MCS) aims to approximate
equation (30) through a repeated random sampling. Specifi-
cally, MCS draws samples from the copula that represents the
dependence structure of the model, after that, these samples are
transformed to the space of the basic variables through some
method for estimating the inverse of the CDF of the marginal
distributions. Then, the performance function g is evaluated for
each one of these samples, and finally the probability of failure
is computed as the ratio between the number of samples that
leads to failure over the total number of samples.

Some researches, have highlighted the statistical error due to the
number of samples underlying MCS in geotechnical reliability
analyses [e.g., 85, 35]. This statistical error is aggravated in too
small probabilities of failure since more samples are needed for
accurate calculations. In this regard, it is true that the lower the
probability of failure, the larger the sample size must be to avoid
inaccuracies, and this may be time consuming.

This issue has been subject to an extensive discussion by differ-
ent researchers since the number of samples of a MCS consider-
ably affects the accuracy of the reliability analyses. In this regard,



there exists several methodologies and equations to estimate the
minimum sample size in a MCS. For example, equation
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", (33)

where N, is the minimum sample size and Py the expected
probability of failure, is one of these estimates, and it is particu-
larly one of the most straightforward to use.

It is beyond the scope of this document to further discuss the
minimum sample size of a MCS and the repercussions of insuf-
ficient samples. So, readers interested in this topic are referred to
Ang and Tang [128], and the references therein cited, for a more
comprehensive introduction and details. Additionally, it is worth
mentioning that there are currently other methodologies of simu-
lation especially useful for too small probabilities of failure, such
as subset simulation [see 117] or line sampling [129]. Some pio-
neering works have already integrated some of these methods of
simulation on the reliability analyses of geotechnical structures
that employ copulas [see e.g. 116].

Despite this fact, the MCS constitutes a straightforward method
with many advantages, even over the direct integration method
exposed by Tang et al. [85]. The MCS is perhaps one of the best
current alternatives to conduct reliability analysis in the frame-
work of geotechnical engineering when considering dependence
through copula theory. The MCS does not need a linearization
at the design point such as the FORM and SORM, neither an
approximation to the limit state function for complex geotechni-
cal problems such as the direct integration. Additionally, it can
handle systems with many random variables, i.e., geotechnical
systems of high dimensions.

From our point of view, the MCS is currently a very good al-
ternative to conduct reliability analyses of geotechnical models
where the dependence is considered. However, this methodology
may be computationally expensive, especially for high dimen-
sions and fairly small probabilities of failure. More advanced
methodologies, such as subset simulation [see 117] or line sam-
pling [130], exists. Alvarez et al. [131] presents a framework
that allows to use subset simulation with copulas and random
set theory, in order to conduct efficient reliability analysis where
dependence and both aleatory and epistemic uncertainties are
considered. Particularly in geotechnical engineering, Wang et al.
[116] employed copulas in conjunction with subset simulation,
in order to conduct reliability analysis of geotechnical structures.

7.2 Results of reliability analysis

Copulas have been used to estimate the probability of failure of
several geotechnical structures. So, it is important to summarize
some results and remarks, which may help us to understand how
copulas impact reliability analysis of geotechnical models.

For this purpose, the infinite slope example studied by Tang et al.
[85] is replicated in this document. This model is selected given
its simplicity and that the incidence of copulas in the probability
of failure has already been studied by Tang et al. [85, 73] under
different conditions.

Similar outcomes and conclusions, from this infinite slope ex-
ample, are obtained from other geotechnical structures, such as
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retaining walls [35, 85], slopes with a circular failure mecha-
nism [76, 74] and three dimensional slopes [127], when there are
more than two dependent random variables [77], or when several
failure modes are considered at the same time [80].

Figure 17 presents a scheme of the infinite slope model to be an-
alyzed. Here, H stands for the thickness of the unstable layer, y
represents the soil unit weight, « is the slope angle relative to the
horizontal plane, and ¢ and ¢ are soil cohesion and friction an-
gle, respectively. Note that the groundwater table is assumed to
be under the failure surface, and is not considered in the present
analysis. Additionally, neither overload nor seismic loads are
considered in this slope model.

Figure 17 Infinite slope model

The factor of safety of the infinite homogeneous slope shown in
figure 17 is given by

- ¢+ yH cos® ctan ¢
© yHsinocosa

FS(c,0) (34)

The performance function for carrying out the reliability analysis
will be of the form g(c,¢) = FS(c,¢) — 1, where the FS is the
factor of safety obtained from equation (34).

In equation (34), both ¢ and ¢ will be taken as random variables,
and their dependence will be modeled through a copula. The
other parameters of equation (34) are adopted as deterministic.

We will do three modifications to the original work of Tang et al.
[85] related to the copula dependence parameter, the procedure to
compute the probability of failure, and the evaluation of an addi-
tional copula. Pearson’s rho correlation coefficient was employed
by Tang et al. [85, 73] to estimate the dependence parameter of
the different copulas used in the reliability analysis. However, in
this document Kendall’s tau coefficient is employed, given that it
is a more suitable measure to represent the dependence in copula
theory (see section 4.2). On the other hand, the direct integration
was employed in the original example to compute the probability
of failure. Nonetheless, the MCS will be employed for this pur-
pose in this document, since it is a more general methodology,



and it is also interesting to explore its performance and compare
it with direct integration. Finally, in addition to the four copulas
proposed by Tang et al. [85], the Student-¢ copula is evaluated,
following the recommendations of Embrechts et al. [12]. In this
way, the Gaussian, Student-z, Plackett, Frank, and Nelsen No. 16
copulas, will be employed in this example.

Regarding the other aspects from the original example of Tang
et al. [85], these will be addressed without modifications. Thus,
the lognormal probability distribution is adopted to model both ¢
and ¢, where the mean and coefficient of variation C.O.V. of ¢ are
taken as 12 kPa and 0.4 respectively, and the mean and coefficient
of variation C.O.V. of ¢ are taken as 30° and 0.2 respectively.
On the other hand, the deterministic parameters are taken as
H=5m, o =30° and y = 17 kN/m®>. Finally, the Kendall’s tau
correlation coefficient T between c and ¢ is —0.5.

Following the procedure of [85], the incidence of copulas in the
probability of failure is studied under three conditions, namely:
(1) geometry (H and ), (2) C.O.V. scaling factor of the marginal
probability distributions (C.0.V./A.4) and (3) correlation be-
tween c and ¢ (T ¢).

Changes in each condition will be represented as changes in the
so-called nominal factor of safety F'S, [85] (see e.g. Tang et al.
[85] or Phoon and Ching [35]). The nominal factor of safety cor-
responds to the 5% fractile of all the obtained F'S in a MCS. More
details about F'S,,, and the algorithm to compute it, can be found
in the aforementioned two references.

The nominal factor of safety has the advantage of taking into ac-
count the coefficients of variation of the distributions of the shear
strength parameters, and also the correlation between these two
variables. This fact contrasts with a simple factor of safety, where
only the mean values of the random variables are employed, so
there is no room for uncertainty in the estimates of the factor of
safety.

Unlike Tang et al. [85], in this document nominal factors of
safety will vary between 1.0 and 1.16. That is to say, when
plotting F'S, against the probability of failure of each copula,
the horizontal axes (F'S,) for all the conditions are the same
(i.e., FS, € [1.0,1.16]), and their values are due variations of
each particular condition. Specifically, H € [3.84m,6.27m], & €
[27.7°,32°], Ac,p € [0.67,1.64] and 7. ¢ € [—0.78,—0.26], and all
these variations will lead to the same horizontal axis of F'Sj,.

Additional to the four copulas initially evaluated by Tang et al.
[85], namely Gaussian, Plackett, Frank and Nelsen No. 16 cop-
ulas, Student-f copula is also studied in this document. Note
that the aforementioned copulas are able to be adjusted to the
Kendall’s tau coefficient assumed in this example.

Then, MCS is performed for each copula, thus defining the prob-
abilities of failure for aforementioned conditions. A total number
of 107 samples will be simulated and employed by each MCS.
The above number is not arbitrary since, from Tang et al. [85], the
orders of magnitude of the probabilities of failure of the infinite
slope example are known. So, by applying equation (33), a mini-
mum sample size of 107 is obtained for the smallest probabilities
of failure.
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Note that the same sample size, equal to 107, is employed in
this document for computing all the probabilities of failure, re-
gardless of their magnitude. However, it would be possible, and
indeed necessary, to adopt different sample sizes for the different
orders of magnitude of the probabilities of failure. This practice
would avoid excessive calculation times, in the cases that accu-
rate estimates can be obtained with fewer samples. Nonetheless,
the same sample size is employed in this document since, for this
simple infinite slope model, it does not represent a problem for
the current computer capacities.

Figure 7.2 condenses all the computed probabilities of failure, af-
ter applying the above procedures for all the studied copulas and
conditions. In figure 7.2, each plot corresponds to the variation of
a particular parameter, and each curve corresponds to a copula.

Additionally, table 7.2 presents a comparison of the probabilities
of failure obtained through all the copulas, for all the studied
failure mechanisms. For constructing table 7.2, probabilities of
failure from the Gaussian copula are taken as reference, and the
ratio Py, /Pf,,...., 15 computed, in which Py, is the probability of
failure obtained from each respective copula. Thus, all computed
ratios are summarized in table 7.2.

In the first instance, it is worth mentioning that the probabili-
ties of failure found in this document are in the same order of
magnitude to those obtained by Tang et al. [85], but they are not
equal. There are minor discrepancies due to the modifications
applied; specifically, the use of Kendall’s tau coefficient instead
of Pearson’s rho coefficient to compute the copulas dependence
parameter contributes significantly to these differences. It is em-
phasized again that the use of Pearson’s rho coefficient must be
avoided as a measure to characterize the dependence in copula
theory. Rank measures of dependence are more suitable for this
purpose. Furthermore, when the dataset is available, the methods
exposed in section 4.4 are also appropriated to fit copulas to data.

Nonetheless, it is worth noting that for the same dataset, and
for the same copula, methods exposed in section 4.4 may also
lead to a different copula dependence parameters, although quite
similar. These minor discrepancies in the dependence parameter
of a given copula will result in different probabilities of fail-
ure. Further studies are necessary to explore the repercussions
of the copula fitting methods on the probability of failure of
geotechnical structures.

Regarding the results presented in figure 7.2 and table 7.2, it is
important to present some conclusions that help to understand the
implications of using copulas when performing reliability analy-
sis in geotechnical engineering. More details and remarks in this
regard are presented by Tang et al. [85] and Tang et al. [73] for
the infinite slope example, or by Phoon and Ching [35], Xu et al.
[74], Li et al. [80] and Xu and Zhou [127] over other structures
and conditions. Thus:

* As it was expected, as H or o decreases, the probability
of failure becomes smaller, and consequently, the factor of
safety increases. This conclusion is easily extendable to other
geotechnical models by saying that as the geometric parame-
ters become more adverse for the stability of the geotechnical
system, the probability of failure will be greater, and vice
versa.
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Table 15 Comparison of the H=1[627,3.84] o =[32,277] 1 =1[0.67,1.64] T=[-0.26, —0.78]
Py obtained from different Copula
copulas for the infinite slope 1.00 108 1.16 1.00 1.08 1.16 1.00 1.08 1.16 1.00 1.08 1.16
example, and taking the Py of
the Gaussian copula as Gaussian | 1 1 1 1 1 1 1 1 1 1 1
reference for computing the Student-r  0.94 1.69 4.35 098 157 3.78 098 1.69 21.37 098 1.68 90.00
ratio Py, /Pme«u[nn’ Plackett 1.13 226 5381 .12 2,17 5.52 .11 240 29.02 1.06 256 395.89

Frank 1.18 1.89 3.73 1.13 1.88 4.05 1.11  2.00 17.20 1.06 2.18 215.11

No 16 1.33 451 19.15 132 427 1848 129 479 236.85 149 497 114433

* As the coefficient of variation C.0.V. decreases (or A in-
creases), the probability of failure obtained through all the
copulas becomes smaller. This behavior makes sense since a
decrease in the C.O.V. means a decrement of the standard de-
viation (keeping the mean unchanged), and this leads to less
heavy-tailed multivariate distributions.

* As Kendall’s tau coefficient approaches to —1, the probability
of failure decreases. This behavior is expected since the closer
the dependence approaches perfection, the less dispersion is
in the final distribution, which leads to smaller probabilities of
failure.

* For the same geotechnical model and dependence value be-
tween random variables, different copulas lead to different
probabilities of failure. Discrepancies among their results are
more pronounced when the reliability of the model is high,
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i.e. for small probabilities of failure. In contrast, it is seen
that probabilities of failure obtained from different copulas ap-
proach to a same value when the reliability of the model is low,
i.e. for high probabilities of failure.

Differences among probabilities of failure are more sensi-
tive to changes in statistical parameters than in geometric
parameters. That is to say, the highest discrepancies among
probabilities of failure are found when the C.O.V., or the
dependence parameter 7 of the random variables change.
Note from figure 7.2 that the Gaussian copula leads to the
smallest probabilities of failure for all the evaluated con-
ditions. Different studies agree that the lowest probabilities
of failure, or the highest reliability indexes [83], are always
obtained from the Gaussian copula for each particular geotech-
nical model analyzed. This fact indicates that the use of this



copula, or the commonly employed multivariate normal distri-
bution, overestimates the reliability, and hence, it may be too
unconservative.

* Among all the studied conditions and parameters, changes in
Kendall’s tau are the ones that lead to the highest discrepancies
in the probability of failure obtained from different copulas.
This fact shows the importance of correctly fitting the cop-
ulas since the probability of failure is quite sensitive to this
parameter.
Note that all the studied copulas can approach both a per-
fect negative dependence and independence. Thus, when 7
approaches to 0, all the obtained probabilities of failure should
converge to the same value, corresponding to the one obtained
from the independence copula IT(x,v). On the other hand,
when 7 approaches to —1, all probabilities of failure should
approach the same value, given by the countermonotonic-
ity copula W (u,v). Although this behavior was not explicitly
evidenced in this document, it was pointed out by other
investigations, such as Tang et al. [73].
Although both Student-# and Gaussian copulas are elliptical
copulas, their probabilities of failure differ significantly, espe-
cially in high reliability levels. These discrepancies are mainly
due to the tail dependence of the Student-# copula. In this
way, tail dependence plays an important role when performing
reliability analyses, since the computed probabilities of fail-
ure may vary in several orders of magnitude by taking it into
account or not.

* In this particular infinite slope example, the MCS performs
well in comparison to the direct integration method applied
by Tang et al. [85]. However, the true benefits of the MCS
over the direct integration method appear when the perfor-
mance function is highly non-linear or when there are more
than four random variables involved in the reliability analysis.
In this way, the MCS is a more general methodology than the
direct integration method, and its use is recommended for the
computation of probabilities of failure.

Finally, it is worth mentioning that some studies such as Wu
[77, 82] or Zhang et al. [83], prefer to express the reliability
in terms of reliability indexes instead of probabilities of failure.
Particularly, Zhang et al. [83] noted that it is preferable to em-
ploy the reliability index when performing a weighting of the
results, in order to avoid disproportional effects given by the
large differences between probabilities of failure. Unlike prob-
abilities of failure of different copulas, where the discrepancies
between them may be of several orders of magnitude, differences
in reliability indexes are not as pronounced. Commonly, all the
reliability indexes of a geotechnical model obtained through dif-
ferent copulas are in the same order of magnitude, which makes
their discrepancies minor.

7.3 Efforts to unify results of reliability
analysis of geotechnical structures when
dependence is considered.

In the last section, it was demonstrated through an infinite slope
example that different copulas lead to different values of proba-
bilities of failure. Particularly, for a case of very low probabilities
of failure, the results obtained from different copulas may dif-
fer by several orders of magnitude. Based on this, the question
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that arises is which is the true or real reliability of the geotech-
nical system? or which of all these probabilities of failure better
represent the reliability?.

Firstly, one could think about selecting the probability of failure
given by the copula that best fits data, which in turn is chosen
through one of the methods of section 4.5. However, although
this is a valid option, it was demonstrated in section 6 that defin-
ing the best-fit copula could be misleading, especially when no
sufficient data is available. In other words, there is not a com-
plete certainty of choosing the best-fit copula when the amount of
data is small, which is quite common in geotechnical engineering
practice.

As noted by Zhang et al. [83], there would not be model selection
uncertainty if the probability of one model being the real one
were 1.0, while the probabilities of the others were zero. This fact
seldom occurs, but what is certain is that there are models more
likely to be the correct ones in contrast to the others. Nonetheless,
it can not be said under these circumstances that these high-likely
models have the final word regarding the probability of failure
since the inherent model uncertainty would be denied.

A good estimation of the uncertainty when selecting models is
through the ratio P(M; |D)/P(M|D), where P(M|D) is the prob-
ability of model M being the true one, given the data D. If this
ratio is equal or larger than 20, the hypothesis of M| being over-
whelmingly better than M, is correct. On the contrary, if this ratio
is between 1.0 and 3.0 this hypothesis becomes only a vague
evidence in favor of M| [see, e.g., 132].

The previous estimation was employed by Zhang et al. [83]. In
this work several bivariate copula models were fitted to a shear
strength dataset, and each model probability was computed based
on a Bayesian approach. As expected, some copula models (with
their respective marginal distributions) give a better fit to data
than other copulas. However, no model overwhelmingly fits bet-
ter with data in comparison to the others. In particular, the ratio
between the probabilities of the most likely models is just 1.1,
which indicates that model uncertainties can not be neglected.

In order to characterize the dispersion between the probabili-
ties of failure obtained through different copulas in a family &,
the global dispersion factor r [see 31], was employed by Tang
et al. [73] in an example of an infinite homogeneous slope. The
formula of the global dispersion factor is given by:

_ Ph

r=
Pf min

where Py, = maxcey Pr(C) and Py, = mingey Pr(C).

A small r indicates that the probabilities of failure vary in a
narrow range, while a large r means a substantial dispersion
between the probabilities of failure. As stated by Tang et al.
[73],if 1.0 < r < 1.5, the probability of failure can be evaluated
quantitatively. On the other hand, if 1.5 < r < 10.0, the prob-
ability of failure can be evaluated qualitatively. And finally, if
r > 10.0, then the estimated probability of failure may exceed
the real probability of failure by at least one order of magnitude,
which may be too inaccurate and dangerous when defining the
reliability of a geotechnical structure.
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Other good estimate of the dispersion in the results obtained
from different copulas is the local dispersion factor ry. The lo-
cal dispersion factor refers to the relation between the Py, (or
P,..) and the probability obtained from certain copula C in 7. Its
formula is expressed as follows:

|

Note that the global dispersion factor quantifies the maximum
dispersion in the probabilities of failure obtained from the cop-
ulas of ¥, whereas the local dispersion factor quantifies the
maximum dispersion concerning a reference copula in €.

rop = max s
{Pf(c) mein

It is interesting to compute and plot the global dispersion factors
from the homogeneous infinite slope example of section 7.2. This
procedure was performed and figure 7.3 presents a curve for each
condition studied in the last section that represents the global
dispersion factor.

As exposed previously, differences among the probabilities of
failure obtained through each copula (i.e., Pf(C)), are more
sensitive to changes in T or A than to changes in geometric pa-
rameters. This behavior is evident in figure 7.3, since global
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dispersion factors are greater for these probabilistic parameters,
and particularly, they are greater for changes in 7.

Now, it is interesting to compare, with help of the figure 7.3,
the obtained global dispersion factors with the intervals defined
by Tang et al. [73]. Following this guideline, it is found that for
all the studied conditions the probability of failure can be evalu-
ated quantitatively just for the smallest factor of safety, close to
1.0. For larger factors of safety (= 1.02 or higher) the probabil-
ity of failure must be evaluated qualitatively. And, for the highest
factors of safety (= 1.12 or higher), the estimated probability of
failure may exceed the real probability by at least one order of
magnitude. These comparisons show great dispersions between
results obtained through different copulas.

The above justifies the need for a more consistent estimation of
the probability of failure, which has to take into account the in-
herent uncertainty. For this purpose, several methodologies have
been employed in the literature on copula theory in geotechni-
cal engineering. Specifically, we found that three methodologies
presented by Tang et al. [73] to overcome this issue, which in
turn are based on the postulates of Dutfoy and Lebrun [31].

Taking into account that the three methodologies exposed by
Tang et al. [73] serve to understand other methodologies and ap-
proaches that complement them, these will be briefly presented



below. Subsequently, comparisons are made with the approaches
and modifications presented in other studies, such as Zhang et al.
[83] or Xu et al. [74]. Thus, the three methodologies of Tang et al.
[73] are summarized as follows:

1. The first approach consists of, conservatively, taking the
copula in ¥ which leads to the highest estimation of the
probability of failure. It is common to see this practice in
geotechnical engineering, especially when the amount of data
is scarce, and hence there is high uncertainty. However, its
major disadvantage is that it could be too conservative, which
increases the robustness of the designs/solutions, and hence
their price significantly.

. The second approach is based on the local dispersion fac-
tor defined by the equation 7.3. Briefly, the copula belonging
to € that leads to the smallest local dispersion factor must
be selected, and hence, its probability of failure must be
adopted. This approach minimizes local dispersions in the
final probability of failure and provides more reasonable
estimates.

3. The third approach, and perhaps the most appealing, consists

of a weighted average of all the copulas belonging to 4. With
this approach, a new copula is constructed in the form of:

C(u,v; 6) = Zpici(u,v; ;) (35)
i=1

where p; is the probability of each copula to be the correct
one, so Y. | pi = 1.0, and C; is the copula i-th in €, with its
respective fitting parameters represented by the vector 6;.
This approach has the advantage of being straightforward but,
at the same time, robust. It allows taking into account every
copula of ¥ and to make estimates of, e.g., the probability
of failure of the model. In the final estimates, each candidate
copula has a certain incidence that may be greater or less,
in concordance with the respective probability of being the
correct copula.

Regarding the probability of each copula being the correct
one (p; in the equation (35)), there have been exposed several
methodologies in the literature to address the computation of this
value. For example, the procedure presented by Tang et al. [73]
for this purpose is based on a bootstrap approach, quite similar
to what was done in section 6. In this sense, Tang et al. [73] em-
ployed the shear strength dataset, reported by Tang et al. [85], to
conduct a bootstrap procedure. A total of ten thousand bootstrap
samples (N; = 10000) were recreated by Tang et al. [73], and
for each one, the AIC value of the different copulas was com-
puted. Finally, the number of times that each copula is defined
as the best fit copula is divided by the number of bootstrap sam-
ples (NV;), which leads to the probability of each copula being the
correct one (p;).

Another way to compute p; values from equation (35) was pre-
sented by Zhang et al. [83], which in turn was applied over a
shear strength dataset to demonstrate the procedure. In this work,
the Bayes’ theorem, based on a set of observed data (D), is em-
ployed to calculate the posterior probability of copula model M;
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being the correct one, as follows:

P(D|M;)P(M;)
=1 P(D|M;)P(M;)

P(M;|D) = (36)

where P(M;|D) is posterior probability of M; being the true
model, P(D|M;) is the probability of observe D given that the
model is M;, and P(M;) is the prior probability that the model M;
is the true one. If no prior probability is specified, then it could
be assumed that P(M;) = 1, where r is the number of candidate
models in €.

Note that P(M;|D) in equation (36) is the same p; of
equation (35). Additionally, after some approximations, and
based on Kass and Raftery [132], equation (36) can be rewritten
as follows [see 83]:

exp[~A/(BIC) /2]
T exp[~A;(BIC) /2]

P(M;|D) ~

in which

Ai(BIC) = BIC;— min {BIC;
(BIC) =BIC;— min {BIC;}

where BIC is the Bayesian Information Criterion exposed in
section 4.5.2. This approximation makes it easier to compute
the probability of each model (p;), which makes this method
as straightforward and easily-applicable, just like the bootstrap
approach employed by Tang et al. [73].

Another approach to compute p; that is worth mentioning is the
entropy weights [133]. This approach was applied in geotechnics
by Xu et al. [74] to weigh the results of different copulas, ap-
plying equation (35), when calculating the probability of failure
of a slope with a rotational failure mechanism. Note that all the
aforementioned weighting methods vary only in the manner of
computing p;. Thus, the principle by itself is equal, since the cal-
culated p; are replaced in the equation (35) to weight the results
obtained through all the copulas.

In this way, equation (35) has been applied by several studies
to weight results obtained from different copulas, specifically
when these are employed to conduct geotechnical reliability
analysis. The main difference of some studies when applying
equation (35) is the way in which these compute the probability
of each model to be the correct one p;.

In conclusion, from our point of view the second and third meth-
ods, presented by Tang et al. [73], are the most adequate to take
into account the model uncertainty in the estimates of the final
probability of failure. Between these two methods, the one based
on the weighted average may be more appealing than the one
based on the local dispersion factor. The first method presented
by Tang et al. [73], although it is a common practice in geotech-
nical engineering, it is also too conservative and must be avoided
whenever it is possible.

Although the aforementioned approaches take into account
model uncertainties, and certainly these compute more robust
estimates of the probability of failure, they are not perfect
methodologies. In fact, more research is needed in this regard,



since model uncertainty, especially when the amount of data is
small, is still a challenging problem.

8 Conclusions

Throughout this document, copula theory and its applicability
for the modeling of dependence in geotechnical engineering have
been exposed. For this purpose, copulas and basic concepts of
dependence in geotechnical engineering were introduced from
a theoretical and a practical perspective. Concepts about un-
certainty in the construction and definition of copulas, as well
as their impact on models, were also included in this state-of-
the-art. Finally, the role that copulas have had in geotechnical
reliability assessments was also evaluated. Based on this work,
the following conclusions can be drawn:

. Dependence plays a key role in geotechnical engineering and,
therefore, it should not be taken lightly, much less overlooked.
Dependence on geotechnical parameters impacts, directly or
indirectly, the constructed models in a significant way.

. The practice of geotechnics is full of equations that correlate
different parameters and properties of soils and rocks. How-
ever, using these equations leads to many uncertainties in the
estimates sought and, therefore, in the models built.

. It is necessary to migrate, in geotechnical engineering, from
the concept of correlation to the concept of dependence,
which is much broader and, in fact, encompasses correlations.
Starting to consider dependence will allow a much better
understanding of how geotechnical parameters are related.

. Copula theory is especially suited for modeling dependence.
By means of this theory, a multivariate CDF can be separated
into marginal CDFs and a function that groups them together,
known as the copula function. This fact is quite useful since it
opens up a fairly wide range of possibilities when it comes to
modeling multivariate distribution functions and studying the
dependence structures between random variables.

. It is quite common in geotechnics to find that soils and rocks
parameters, and in general all random variables, are related in
pairs. In many cases, it is enough to use bivariate copulas to
model the pairs of random variables. If it is necessary to build
models of more variables, they could also be constructed with
the conventional copula theory, although this has certain dis-
advantages related to the assignment of the same dependence
structure for all the variables, and that the range of avail-
able copulas is reduced. In this case, it would be much more
convenient to make use of vine copula theory.

. There is no ideal copula to model dependence on geotechnics.
Actually, there are multiple copulas in the literature, of which
a reduced set must be selected based on the dependence char-
acteristics that we must model. In any case, each copula must
be adjusted to the information and the most suitable copula
must be chosen through a goodness-of-fit test. However, there
will always be some uncertainties in the construction and se-
lection of a copula function, especially when the information
is limited.

. There will always be uncertainties in the construction and
selection of copulas for modeling dependencies in geotech-
nical engineering. These uncertainties will be greater as the
quality and quantity of the information decreases. Thus, the
uncertainties will be transmitted to the created models and the
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results obtained from them. Therefore, it is necessary to build

and select copulas responsibly, in order to obtain models that

truthfully represent reality.
8. When conducting geotechnical reliability analysis, different
copulas will lead to different results in the computed probabil-
ity of failure. As it was demonstrated, probabilities of failure
obtained from different copulas can vary by several orders
of magnitude, especially when Py is small. This is one more
example of the impact of epistemic uncertainty, and it high-
lights the importance of selecting copulas responsibly. More
research should be carried out on the correct construction and
selection of copulas to model geotechnical variables.
Gaussian dependence structure, commonly assumed in
geotechnical probability models without any validation, is not
always the most suitable copula function. In reality, this de-
pendence structure is only one of many that can be employed
in light of copula theory. In the case of reliability analyses, it
was shown that Gaussian copula may lead to overestimations
of the probability of failure, which becomes too conservative,
especially when the probability of failure is small.
Monte Carlo simulation is one of the best alternatives to carry
out reliability analyses in geotechnics within the framework
of copula theory. It is important to be careful with the number
of simulations employed in this technique since an insufficient
number would lead to incorrect reliability estimates.
There are simulation techniques, much more advanced than
Monte Carlo simulation, which could be used together with
copula theory. In particular, subset simulation is a modern
technique that allows to calculate small probabilities of failure
in a much more efficient way than Monte Carlo simulation.
Some studies have already integrated subset simulation with
copulas.

10.

11.

All data and codes used in this manuscript are publicly available
on GitHub at https://github.com/juanjosesg/geo-copulas.git.

Open issues and directions for future research

Although the uses of copula theory in geotechnics have been
varied, there is still much to explore. As it was previously men-
tioned, geotechnics is an area where correlations abound and
where independence or Gaussian dependence are assumed with-
out validation. For this reason, copula theory would find a wide
application in geotechnics, as it has already been demonstrated
with the applications that have been evaluated so far.

There are multiple uses that copula theory may have in geotech-
nical engineering, and those studied here are just some of them.
In this way, the concepts presented in this document can be
applied in many other contexts of geotechnics. For example, cop-
ulas can be used in the study of dependence between parameters
of different constitutive models and failure criteria, it could be
employed in many of the already existing correlations (e.g., those
of the SPT with different geotechnical parameters), and it might
even be employed in the study of the relationships between rains,
earthquakes, and landslides, among many other uses. The appli-
cations of copulas presented in this document are just a hint of
the great potential that copulas have in geotechnics.


https://github.com/juanjosesg/geo-copulas.git

Furthermore, vine copula theory has great potential that should
be explored in future works. This theory allows to generate high-
dimensional models through two-dimensional copulas. By using
this theory, it is possible to assign particular dependence struc-
tures for each pair of random variables and, as bivariate copulas
are employed, construct flexible high-dimensional dependence
models.

Finally, selection of the best-fit copula is still an open issue in
the state-of-the-art. There are some developments in this regard,
but the final choice is still highly dependent on the quality and
quantity of available information.
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